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Abstract 
Since the silicon industrial revolution in the 1950s, a lot of effort was dedicated to the 
research and development activities focused on material and solid-state sciences. As a result, 
several cutting-edge technologies are emerging including the applications of functional materials 
in the design and enhancement of novel devices such as sensors, highly capable data storage media, 
actuators, transducers, and several other types of electronic tools.  In the last two decades, a class 
of functional materials known as multiferroics has captured significant attention because of 
providing a huge potential for new designs due to possessing multiple ferroic order parameters at 
the same time. More specifically, magnetoelectrics as a category of multiferroic materials, own 
cross-coupled functionalities such as responding to the application of external magnetic fields by 
altering their electrical properties together with their magnetic characteristics. Although such 
exciting functionalities award a variety of options to design innovative devices, deepening our 
understanding of the physics behind multiferroicity and magnetoelectric effects is still needed. 
That is the driving force behind a surge of research on this class of materials and the priority that 
is given to them in many research institutes.  
The work presented in this dissertation is focused on investigating the properties of 
multiferroics in both static and dynamical regimes. In the static case, the response of bismuth 
ferrite as a prototypic lead-free representative of multiferroics with room-temperature-enabled 
functionalities was researched when the strained material was subjected to the application of 
electric field and/or mechanical stress. The investigations were carried out by adopting a state-of-
the-art effective Hamiltonian method within the framework of Monte Carlo atomistic simulations. 
The predictions made by simulations were then tested under experimental situations.  The results 
not only showed the agreement between theoretical predictions and experimental outcomes, but 
 
also revealed the capability of multiferroic materials for the deterministic control of phase ratio 
under the dictated conditions which paves the way toward the design of novel technological 
devices based on changing the phase population.  
Although the static properties of multiferroics have been heavily studied during recent 
years, exploring their dynamical characteristics is almost an uncharted territory. That is why more 
attention is given to the dynamical properties of multiferroics in this work. In the dynamical case, 
the electrical polarization, magnetization, and strain properties of bismuth ferrite were studied 
under the application of time-dependent magnetic fields with various frequencies using the 
effective Hamiltonian approach which is adopted for molecular dynamics atomistic simulations. 
Moreover, the magnetoelectric response of bismuth ferrite was evaluated within a dynamical 
regime. The results demonstrated the presence of resonances in the dynamical magnetoelectric 
response of multiferroics because of the emergence of a new quasiparticle introduced in this work 
as electroacoustic magnons. An analytical model was developed to explain the origin of such 
strain-mediated quasiparticles that was then verified by atomistic simulations. The results open 
opportunities to reach strikingly larger magnetoelectric responses by tuning the frequency of the 
applied magnetic fields as well as playing with the shape and size of multiferroics to be utilized 
toward the development of low-consumption and highly efficient sensors and storage media.   
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Chapter 1. Theoretical and Computational Methodologies 
1.1.  Preface 
Through the history, studying the properties and applications of materials has played a 
significant role in shaping the civilizations of mankind. While materials with high load-bearing 
capabilities found structural applications, others are selected for having exclusive properties in 
making tools. In recent years, a category of materials known as functional materials is being 
heavily investigated because of its success and prospect in providing state-of-the-art 
applications [1,2].  What makes functional materials unique is their capacity of responding to 
stimuli with certain functions. The stimuli can be (but not limited to) the application of electric 
field, magnetic field, stress, change in temperature, or a combination of them. The material might 
respond with a change in its structure or properties. Therefore, functional materials can be 
classified based on the nature of the stimuli and the responses. A prime example is a ferromagnetic 
material whose magnetization or magnetic moments change in response to the application of a 
magnetic field. In analogy, ferroelectric materials respond to the application of an electric field 
by changes in their electric dipole moments or polarization. In fact, there is a stable spontaneous 
polarization in ferroelectric materials which is switchable upon the application of electric 
field [3]. Likewise, the stable spontaneous magnetization in ferromagnetic materials can be 
switched by applying magnetic field [3]. There are also ferroelastic materials in which the 
spontaneous deformation can be switched when an external stress is applied [3].  
In the ferroic materials mentioned above, the switching process has a hysteresis loop 
which means that the change in polarization, magnetization, or deformation depends on how the 
external stimulus changed in the past. Ferromagnetism or ferroelectricity in materials that possess 
those properties can occur if they are cooled below a certain temperature. The material goes 
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through a phase transition from a paramagnetic (or paraelectric) phase to ferromagnetic (or 
ferroelectric) phase when this certain temperature is reached. Such phase transitions are also 
associated with the breaking of the symmetry in the crystal. While ferromagnetism is a result of 
breaking the time reversal symmetry, ferroelectricity breaks the inversion symmetry [3,4]. In 
some materials, two or more crystallographic phases coexist at the same time. Phase coexistence 
provides opportunities to alternate the properties of the material by controlling the population of 
each phase which is useful in technological applications such as phase change and non-volatile 
random-access memory devices [5]. 
It is common to refer to polarization, magnetization, or deformation as ferroic order 
parameters. Normally, in crystals there is a mutual exclusion between polarization and 
magnetization meaning that they usually do not coexist in a single material. However, in materials 
known as multiferroics, two or more ferroic orders coexist at the same time [6,7]. In multiferroic 
materials, one ferroic order not only changes by the application of its corresponding external 
stimulus, but also responds to other counterpart stimuli. For instance, electrical dipole moments 
can change not only under the influence of external electric fields, but also in response to the 
application of external magnetic fields. Such coupling between dipole moments and magnetic 
field, or conversely, between magnetic moments and electric field is known as magnetoelectric 
(ME) effect.  
The fascinating physics behind the cross coupling between ferroic orders in multiferroics 
has surged a new wave of research to gain a deeper understanding about the nature of such 
materials. On top of that, it opens opportunities for the design and development of novel 
technological devices such as energy harvesters, actuators, sensors, antennas, and storage 
media [8–11].  
 
3 
Motivated by the great potential for fabricating state-of-the-art devices based on the 
properties of multiferroic materials as well as the novel physics behind the nature of multiferroics, 
the goal of this study was to explore the innovative physics of multiferroics in both static and 
dynamical regimes.  
The first chapter covers a general overview of the theoretical and computational methods 
that were used in this work to investigate the properties of multiferroic materials through case 
studies that were primarily focused on bismuth ferrite (BiFeO3 or BFO) as one of the most 
promising multiferroic candidates for technological applications. The structure and properties of 
BFO are discussed and the effective Hamiltonian approach that was the core framework used 
within Monte Carlo (MC) and molecular dynamics (MD) simulations in this work will be 
described. 
The second chapter is dedicated to the static properties of multiferroics through the 
investigation of strained BFO films under the application of electric field and mechanical 
pressure. The competition between phases as a result of varying the external stimuli was predicted 
via Monte Carlo simulations which was then compared with experiment to test the validity of the 
theoretical predictions and investigations. 
The third chapter covers the preliminary concepts required to understand the 
magnetoelectric effect. A brief introduction to Landau theory of phase transition is provided. The 
magnetoelectric coefficients of a material under the application of magnetic fields were derived 
from a model based on Landau theory. The dynamical and strain-induced magnetoelectric 
couplings are discussed as well. 
Chapter Four is focused on the dynamical properties of multiferroics through the 
investigation of properties of BFO such as polarization, magnetization, and strain, under the 
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application of time-dependent magnetic fields of various frequencies by molecular dynamics 
simulations. The quadratic magnetoelectric response of BFO under the application of magnetic 
field was studied as well. The emergence of a new quasiparticle called electroacoustic magnon as 
a result of strain-mediated magnetoelectric coupling is discussed. The conditions under which the 
magnetoelectric response of multiferroics can be enhanced were examined as well. 
In Chapter Five, an analytical model based on Landau theory was derived to explain the 
strain-mediated magnetoelectric responses. The analytical model which also explains the origin 
as well as the mechanism of the formation of electroacoustic magnons was then verified by 
atomistic molecular dynamics simulations. 
The lengthy derivations, extra calculations, and additional simulations are moved to 
appendices to keep this work more coherent and easier to follow. 
1.2.  Background 
In 1894, Pierre Curie published an article in which he predicted the multiferroic materials 
and magneto-electric couplings according to crystal symmetry considerations [12,13]. Later, in 
1926, the term “magneto-electric” coupling was used by Debye [14]. The theoretical study of the 
coupling between electric and magnetic order parameters by Landau and Lifshitz in 1959 [15] 
followed by the prediction of the linear magnetoelectric effect by Dzyaloshinskii [16] and its 
experimental observation by Astrov [17], triggered a rush of investigation in the field of 
multiferroics. The intensive research on multiferroic materials diminished for a while until 2003 
when the interest in multiferroics was reawakened due to the observation of magnetically induced 
ferroelectricity, development of modern modeling methods based on powerful computational 
platforms, advances in the synthesis and growth of materials, novel experimental methods, and 
the promising prospect of multiferroics for technological applications  [18]. Despite the new surge 
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of research, few materials with magnetoelectric multiferroicity were discovered while most of 
them were either functional at very low temperature or exhibited weak magnetoelectric couplings. 
Amongst multiferroics, however, bismuth ferrite has captured substantial attention because it 
possesses unique characteristics including functionality at room temperature, large ferroelectric 
polarization [9,19,20], and being a lead-free compound. Such properties nominate BFO as one of 
the best prototypes of multiferroic materials that represent the most desired characteristics for 
technological applications. Therefore, BFO was selected as the material of choice to investigate 
the static and dynamical properties of multiferroics in this work. To perform such investigations, 
Monte Carlo (MC) methods were employed to study the properties of BFO in a static regime 
while molecular dynamics (MD) methods were used in the dynamical regime. For both cases, the 
atomistic simulations were carried out within the framework of an effective Hamiltonian. In the 
following sections the structure and properties of BFO as well as the effective Hamiltonian 
approach which was developed to be used with MC and MD methods are discussed.  
1.3.  Structure and Properties of Bismuth Ferrite 
Bismuth ferrite is the most studied single-phase multiferroic in the last two decades [9]. 
In 2003, interest in BFO increased drastically when Ramesh et al. reported a significant 
enhancement in multiferroic properties of heterostructure BFO thin films including a spontaneous 
polarization that was almost one order of magnitude larger than what had been previously seen in 
bulk  [21]. BiFeO3 belongs to the family of perovskite oxides that possess five atoms with the 
stoichiometry of ABO3 in which A and B are metal ions. The oxygen atoms shape a rigid 
octahedron around the B atom (see Figure 1 [22]).  
Some of characteristics of a perovskite unit cell such as its shape and polarization can be 
described by the displacement of the atoms relative to their position in the ideal cubic structure at 
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high temperatures. Such displacements are commonly known as local modes and denoted here by 
vector 𝒖. The movement of oxygen atoms which can be described by the rotation angle of the 
octahedra, also known as tilting or antiferrodistortive (AFD) motion, is another important 
structural property of perovskites. In this work, AFD motion is denoted by vector 𝝎 whose 
direction is along the axis around which the oxygen octahedra rotate and its magnitude is the 
angle of the rotation. The strain tensor 𝜂𝑙 in a perovskite supercell is the sum of the homogeneous 




Figure 1 – The schematic perovskite structure of bismuth ferrite [22]. 
 
For many perovskites, a transition from paraelectric phase to ferroelectric, 
antiferroelectric, or antiferrodistortive phase takes place when the temperature cools down to 
Curie temperature, 𝑇𝑐 [22]. Also, a transition from paramagnetic phase to antiferromagnetic takes 
place when the temperature goes below Néel temperature, 𝑇𝑁 [24]. For the case of BFO, Curie 
and Néel temperatures are approximately 𝑇𝑐 = 1100 K and 𝑇𝑁 = 643 K, respectively [25]. At 
room temperature, BFO exhibits a spontaneous polarization of ~100 μC/cm2  [26,27], 
ferroelectricity, G-type antiferromagnetism, and weak ferromagnetic properties [28–30]. The 
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ground state of BFO is a rhombohedrally distorted perovskite structure (𝑅3𝑐 space group) with 
spontaneous polarization along [111] direction (see Figure 2 [31]) [32,33]. While the ground 
state of BFO has a rhombohedral structure, a tetragonally distorted perovskite structure (𝑃4𝑚𝑚 
space group) has been observed as well  [34–37]. A phase transition between rhombohedral (R) 
and tetragonal (T) like phases can occur if uniaxial stress along [001] direction is applied on the 
structure  [34]. A detailed discussion about the phase competition between (T) and (R) phases 
upon the application of external stimuli will be given in Chapter 2.  
 
 
Figure 2 – The ground state structure of bismuth ferrite [31]. 
 
1.4.  Effective Hamiltonian 
Effective Hamiltonian (𝐻𝑒𝑓𝑓) is a phenomenological approach introduced by Zhong et al. 
to simplify the potential energy surface according to the degrees of freedom within a system [38–
40]. The effective Hamiltonian can be employed by Monte Carlo or molecular dynamics methods 
to predict the statistical average of physical quantities such as polarization, magnetization, and 
dielectric constant. It has been vastly used for the numerical calculations and predictions of 
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properties of perovskite oxides. The parameters for 𝐻𝑒𝑓𝑓 are calculated from first-principle 
methods such as density functional theory (DFT). Originally and as described in reference [39], 
the total energy of effective Hamiltonian is expressed as 
 
𝐸𝑡𝑜𝑡 = 𝐸𝑠𝑒𝑙𝑓({𝒖}) + 𝐸𝑑𝑝𝑙({𝒖}) + 𝐸𝑑𝑝𝑙({𝒖}) + 𝐸𝑠ℎ𝑜𝑟𝑡({𝒖}) 
  +𝐸𝑒𝑙𝑎𝑠({𝜂𝑙}) + 𝐸
𝑖𝑛𝑡({𝒖}, {𝜂𝑙}). (Equation 1.1 ) 
 
Here, {𝒖} is the local mode representing the amplitude of the polar displacements from 
the ideal cubic positions within one unit cell whereas {𝜂𝑙} is the strain tensor consisting of both 
homogeneous {𝜂𝐻} and inhomogeneous {𝜂𝐼} strains. The inhomogeneous strain tensor, 𝜂𝐼, can be 
constructed from the inhomogeneous displacement modes, 𝒗. 𝐸𝑠𝑒𝑙𝑓 is the local-mode self-energy, 
𝐸𝑑𝑝𝑙 is the long-range dipole-dipole interaction, 𝐸𝑠ℎ𝑜𝑟𝑡 is the short-range interaction of soft 
modes, 𝐸𝑒𝑙𝑎𝑠 is the elastic energy, and 𝐸𝑖𝑛𝑡 is the interaction of local modes and strain. More 
specifically, for the case of BiFeO3 and when magnetic properties are considered as well [41–43], 
the total energy of the system for each site 𝑖 of the simulated supercell can be expressed in terms 
of three main contributions as expressed in the following 
 
𝐸𝑡𝑜𝑡 = 𝐸𝐹𝐸({𝒖𝑖}, {𝜂𝑙}) + 𝐸
𝐴𝐹𝐷({𝒖𝑖}, {𝜂𝑙}, {𝝎𝑖}) 
  +𝐸𝑀𝐴𝐺({𝒎𝑖}, {𝒖𝑖}, {𝜂𝑙}, {𝝎𝑖}). (Equation 1.2 ) 
 
In Equation 1.2, 𝐸𝐹𝐸  is a term coupling the local modes and elastic deformations (this 
term can be calculated using Equation 1.1), 𝐸𝐴𝐹𝐷 whose energy is solely related to AFD motions 
incorporates the coupling of the AFD motions with local modes and strain, and 𝐸𝑀𝐴𝐺  whose 
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energy is solely related to magnetic moments represents the coupling between local modes, AFD 
tilting, strain, and magnetic moments. This effective Hamiltonian contains the following degrees 
of freedom: (i) {𝒖𝑖}, amplitude of the local mode, centered on bismuth sites and proportional to 
the local electric dipoles, (ii) {𝜂𝑙}, the total strain tensor, (iii) {𝝎𝑖}, the pseudo-vectors 
characterizing the AFD motions, centered on iron sites, and (iv) {𝒎𝑖}, magnetic moments of iron 
ions. 


























. (Equation 1.3 ) 
 
where indices 𝑖 and 𝑗 run over lattice sites while 𝛼, 𝛾, 𝜈, and 𝛿 denote the Cartesian components. 
In Equation 1.3, the first term shows the self-energy contribution of the tilting of the oxygen 
octahedra while the second represents the short range interactions of AFD motions. The third term 
couples the AFD motions with strain. The fourth and fifth terms are, respectively, in charge of 
the trilinear and biquadratic energy contributions wherever the local modes and AFD distortions 



















+∑ 𝐿𝑖𝑗(𝝎𝑖 −𝝎𝑗) ⋅ (𝒎𝑖 ×𝒎𝑗)
𝑖𝑗
. (Equation 1.4 ) 
 
In Equation 1.4, the first term is the dipolar interactions between the magnetic moments. The 
second term is the short-range magnetic exchange coupling. The third, fourth, and fifth terms, 
respectively, represent the contribution of local modes, AFD motions, and strain in the change in 
magnetic exchange interaction. The sixth term incorporates tilting of the oxygen octahedra via 
the Dzyaloshinskii-Moriya (DM) interaction [45–47].  
Apart from the degrees of freedom mentioned above, external magnetic and electric fields, 
𝑯 and 𝑬, can be applied as well. In case of applying magnetic fields, an additional term of  
−∑ 𝒎𝑖. 𝑯𝑖  should be added to the terms of total energy. Likewise, for the case of applying electric 
fields the term −∑ 𝑷.𝑬𝑖  should be included. 









in which 𝑉0 is the volume of the unit cell. The proportionality constant 𝑍
∗ is known as Born 
effective charge and is obtained from first-principle calculations. For the case of BFO, its obtained 
value is 𝑍∗ = 5.686 C [48]. 
1.5.  Monte Carlo Approach 
Monte Carlo approach is one of the most powerful tools in science and engineering. MC 
method is extremely efficient in calculating high-dimensional integrals and dealing with systems 
possessing several degrees of freedom. The core idea behind MC methods is to estimate the 
integral of a quantity based on a random sampling of the integration volume at the cost of a 
statistical error. One should wisely choose the sampling process in order to minimize the 
computational costs while maximizing the accuracy of the results. In condensed matter physics, 
MC simulations are widely used in the study of properties of solids such as structural phase 
transitions. Generally, in such MC simulations, the energy of the system is minimized with respect 
to the degrees of freedom based on Metropolis algorithm which is described in the following. 
Metropolis algorithm enables one to generate random numbers with a desired probability 
distribution. For a canonical ensemble in which temperature, volume, and number of particles are 





. (Equation 1.6 ) 
 
Here 𝛽 ≡ 1/𝑘𝐵𝑇  in which 𝑇 is the temperature and 𝑘𝐵 = 1.3806503 × 10
-23 m2kg/s2K is the 
Boltzmann constant. 𝑍 is called partition function and is expressed as 𝑍 = ∑ 𝑒−𝛽𝐸𝑟𝑟 . One can use 
Metropolis algorithm to incorporate such probability distribution in MC simulations. Starting 
with an initial state for the system, a perturbation can be made to generate a new state and then 
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calculate the change in the energy of the system, Δ𝐸. The generated state is always accepted as a 
new state if the energy of the new state is less than the energy of the initial state (Δ𝐸 < 0). If the 
energy of the new state is increased (Δ𝐸 > 0), the new state is accepted with the probability of 
𝑒−𝛽Δ𝐸. The energy of a set of generated states using such a process was distributed according to 
Equation 1.6. Then the properties of the system such as energy, polarization, or magnetization 
could be calculated by averaging that property over 𝑛 states.  
The effective Hamiltonian described in Section 1.4 was introduced to MC to calculate the 
energies associated with each term of 𝐻𝑒𝑓𝑓. Note that the energy coefficients given in 𝐻𝑒𝑓𝑓 should 
satisfy symmetry conditions accordingly. For example, in the local-mode self-energy at site 𝑖 of 












 (Equation 1.7 ) 
 
only even terms are taken into account because of the symmetry considerations. Here 𝑘, 𝛼, and 𝛾 
are parameters obtained by first-principle calculations for a five-atom perovskite unit cell while 












 (Equation 1.8 ) 
 
where 𝜔𝑥, 𝜔𝑦, and 𝜔𝑧 are the components of 𝝎. MC simulations were used as the primary 
approach in Chapter 2 for calculating the total energy of a BFO supercell under the application of 
stress or external electric fields to evaluate the populations of phases.   
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1.6.  Molecular Dynamics Approach 
Although Monte Carlo methods are accurate and efficient in the numerical calculations of 
properties of solid-state systems in static regimes, they are not as efficient when dealing with the 
dynamical properties. An alternative approach to overcome such an obstacle is the molecular 
dynamics method in which Newtonian equations of motion are employed to calculate the 
temporal evolution of the degrees of freedom. Generally, in MD simulations, an average value of 
a physical quantity is calculated via numerical integration over time. More specifically, for an 
atomic system, MD methods basically find numerical solutions to the classical equations of 
motion by calculating the forces acting on the atoms. Typically, the atomic oscillations at room 
temperature are of the order of femtoseconds. Therefore, the time needed for simulating a 
phenomenon as long as few seconds should be long enough to capture the properties of the system 
accurately. Faster computational facilities can help addressing such time scale problems. MD 
methods can utilize the effective Hamiltonian described earlier to investigate the dynamical 
properties of perovskite oxides such as BFO. 
In order to calculate the temporal evolution of the degrees of freedom, one can assign a 
mass to local modes, 𝒖, and displacement modes, 𝒗, to compute the forces through a set of 
differential equations. Assuming the assigned masses for the local modes and displacement modes 























Then by choosing a time step, ℎ, within the range of femtoseconds, the local modes and 
displacement modes at (𝑡 + ℎ) are calculated from the local modes and displacement modes at 
𝑡 and (𝑡 − ℎ) via 
 




𝑙𝑚(𝑡), (Equation 1.11 ) 
 
and 




𝑑𝑠𝑝(𝑡). (Equation 1.12 ) 
 
The coupling between the degrees of freedom should be taken into account through the 
effective Hamiltonian described in Section 1.4 and detailed in reference  [39]. The position and 
velocity, by which the MD simulation initiates, are chosen in a random fashion. At the first step 
of MD simulation, position and velocity are calculated by a Taylor expansion as 
 







𝑙𝑚(0),  (Equation 1.13 ) 
 
and 







𝑑𝑠𝑝(0). (Equation 1.14 ) 
 
The MD simulations can be performed in different ensembles. In NVE ensemble, the 
homogeneous strain does not change during the simulations while the temperature was computed 
























. (Equation 1.15 ) 
 
In NVT ensemble, on the other hand, a thermostat (e.g., Evans-Hoover [49]) was used to control 
or fix the desired temperature at equilibrium. In NPT ensemble, the same method was used to 
control the temperature, but the homogeneous strain was relaxed and could vary during the 
simulations. In this work, the NPT and NVT ensembles were used to study the dynamical 
properties of multiferroics under the application of time-dependent magnetic fields.  
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Chapter 2. Static Properties of Multiferroics 
In this chapter, Monte Carlo simulations based on the effective Hamiltonian introduced in 
section 1.4 are employed to explore the static properties of multiferroics under externally applied 
stimuli. More specifically, the phase competition under the application of electric field and 
pressure as a function of misfit strain in BFO is investigated and the results are compared with 
experiment.   
2.1.  Morphotropic Phase Boundary 
Under uniaxial stress along the [001] direction and at certain film thicknesses, BFO grows 
(on LaAlO3 substrate) as a mixture of two monoclinic phases, one is derived from a tetragonal 
(T) state while the other one is derived from a rhombohedral (R) state (see Figure 3a [50]). Figure 
3b shows the experimental results of growing BFO on LaAlO3 substrate generated by D. Edwards 





Figure 3 – Coexistence of phases in BFO [50,51]. 
 
These generated experimental results are used in the following sections to compare the 
results of theoretical predictions made by MC with experiment. The piezoelectric responses for 
these two phases, which coexist in the scale of tens of nanometers, is large [51]. Since the shape, 
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dimension, and orientation of the unit cells associated with each phase is different, the interfaces 
between R and T regions are significantly strained. Also, whenever there is a phase transition 
between the two phases, the alignment of polarization with regard to the surface of the thin film 
changes as well. Consequently, the difference in strain and polarization in the films consisting of 
the mixed R-T phases results in high plasticity [51]. The existence of morphotropic phase 
boundary (MPB) driven by strain in BFO opens opportunities to explore novel properties and 
functionalities including enhanced piezoelectricity [52–54] as well as spontaneous magnetization 
which is confined to R phase [50], electrical conduction along mixed-phase interfaces [55–57], 
and shape-memory effects.  
2.2.  Deterministic Phase Switching 
The application of electric field or stress can reversibly drive strained BFO films between 
R and T phases. The schematic of the experimental setup utilizing an atomic force microscope 
(AFM) by which the external stimuli were applied on a 2×2 μm BFO film is shown in Figure 
4 [51]. Electric field was applied through a conducting AFM probe whereas mechanical stress 
was applied by exerting force via the AFM tip [51]. By applying the electric field of -3 V, the 
ferroelectric domain structure of the BFO film was reorganized into a configuration in which T 
phase was dominated (Figure 4b). On the other hand, applying a force of 750 nN (which is 
approximately equivalent to 1.8 GPa of stress) to the same region made the R phase dominant 
again (Figure 4c). Interestingly, such transformations are reversible meaning that the selected area 
can be switched between R and T phases by selective application of stress or electric field. To 
take advantage of the functional properties of such mixed phase BFO systems, it is required to 





Figure 4 – Applying stress/electric fields on strained BFO [51]. 
 
2.3.  Evaluating the Phase Competition by Effective Hamiltonian MC Simulations 
Theoretically, to evaluate the energy of each phase under various applied stimuli of 
electric field, uniaxial stress, and misfit strain, MC simulations incorporating an effective 
Hamiltonian developed in reference [43] were employed. The adopted supercell size for the 
simulations was 12×12×12. MC simulations were performed at the temperature of 10 K for a film 
grown on (001) LaAlO3. The energy of T and R phase as a function of epitaxial misfit strain was 
calculated. The competition between T and R phases obtained by MC simulations is demonstrated 
in Figure 5a [51]. When the misfit strain is maximum, the energy of highly strained T phase is 
lower indicating that the T phase is stabilized. As the strain increases, the energies of the two 
phases become comparable resulting in the coexistence of the phases. 
Based on MC calculations, applying the electric field stabilizes the T phase where 
applying mechanical stress is in favor of stabilizing the R phase (such predictions will be 
compared with experiment later in this section). On the other hand, applying uniaxial stress, 𝜎3 
along the [001] pseudo-cubic direction increases the energy by |𝜎3𝑆3| where 𝑆3 in the component 
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of strain along the [001] direction (Figure 5b). Alternatively, the total energy is reduced by 𝑷.𝑬 
in which 𝑬 is the electric field and 𝑷 is polarization (Figure 5c). 
 
 
Figure 5 – Phase competition in strained BFO [51]. 
 
Since the spontaneous polarization of the T phase is larger, when the T phase becomes 
dominant as a result of the switching process and 𝑷 increases, the total energy is reduced, and T 
phase becomes stabilized. A great advantage of calculating the energy curves by MC simulations 
is the capability of predicting the ratio of mixed phase populations through a common tangent 
method that is usually used in analyzing the mixed phase systems [58]. The “lever rule” estimates 
the relative portion of each phase by drawing a common tangent line for the pair of energy curves 
for T and R phases at a fixed value of misfit strain (see Figure 5d). A strain value of the form  
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𝑆𝑖 = 𝑥𝑇𝑆𝑇 + 𝑥𝑅𝑆𝑅 (Equation 2.1 ) 
 
is chosen between the points 𝑆𝑅 and 𝑆𝑇 where the common tangent touches the energy curves, 
while 𝑥𝑇 and 𝑥𝑅 denote the fraction of population for each phase. The total energy for both phases 
at each choice of misfit strain was then calculated when the applied electric field changed from 0 
to 4×10
8 V/m and the applied stress varied from 0 to 4 GPa and then the fraction of each phase 
was evaluated from each set of thermodynamic variables. Since the electric field and mechanical 
stress are external variables, they can be controlled easily. On the other hand, the choice of misfit 
strain is determined by the substrate.  The results of phase competition are summarized in Figure 
5e and Figure 5f. For any of the chosen misfit strains shown on the vertical axis of the three-
dimensional diagrams and the variation of the selected applied electric field and mechanical stress 
shown on the horizontal axes, the percentage of R phase was calculated and demonstrated 
according to the color bar of Figure 5f.  
One can clearly see that the R phase is dominant at low misfit strains and zero electric 
field when the mechanical stress is high. On the other hand, when the misfit strain and applied 
electric field are high and the applied stress is zero, the T phase becomes dominant (Figure 5e). 
To investigate the proportion of the microstructures grown on different substrates, the calculations 
of the relative phase populations under the application of external stimuli was performed for fixed 
values of misfit strain. The results of such calculations are shown by the two-dimensional cross 
sections of Figure 5f. In case of a 50 nm thick BFO film grown on LaAlO3, and when no field is 
applied, the microstructure is a mixture of 52% R and 48% T phase. But when an electric field of 
4×10
8 V/m is applied, R phase reduces to 33%. Conversely, applying 4 GPa uniaxial pressure 
increases the proportion of R phase to 70%  [51]. Therefore, the flexibility of the BFO 
microstructure under the application of mechanical stress and electric field becomes clearer. 
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While the application of uniaxial stress monotonically increases the proportion of R phase, 
applying electric field increases the share of T phase in the same fashion. Then, any consequent 
functionality as a result of the mixed phase microstructures such as conduction, can be directly 
controlled through the application of external stimuli of electric field and mechanical stress. 
2.4.  Comparison of Theoretical Predictions of MC simulations with Experiment 
To check the accuracy and validity of such investigation of the static properties of BFO 
under the effect of external fields and misfit strain that were performed through effective 
Hamiltonian MC simulations, the aforementioned theoretical predictions of Section 2.3 were 
experimentally tested on a 50 nm thick BiFeO3 film grown on a single crystal LaAlO3 (LAO) 
substrate having a 5 nm buffer layer of (La,Sr)CoO3 (LSCO) to be used as a bottom electrode 
(Figure 6) [51].  
 
 
Figure 6 – BFO film grown on LSCO/LAO [51]. 
 
Under applied electric field and mechanical stress, and for specific misfit strain values 
corresponding to the MC simulations, the proportion of R and T phases were experimentally 
measured and compared with the theoretical predictions. A film of the area 18×18 μm2 was 
divided into 3×3 μm2 areas that possessed similar initial mixture of phases. Then the electric field 
and mechanical stress were applied discretely on each sub-region (Figure 7) [51]. The topography 
of each sub-region under a set of values for applied electric field and mechanical stress was 
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recorded and numerically analyzed to determine the proportion of R phase in that region. It should 
be noted that for the experimental setup, the applied mechanical stress changed from 0 to 3.6 GPa 
while the electric field varied from 0 to 2×10
8 V/m. The evolution of the phase proportions upon 
applying the stimuli is demonstrated in panels a to d of Figure 7. Similar to the theoretical 
predictions, the experimental results were adopted to a three-dimensional diagram to be compared 
with the simulation results more easily. 
 
 
Figure 7 – Comparison of the effective Hamiltonian theoretical predictions with experiment [51]. 
 
Remarkably, the effective Hamiltonian MC simulation results agreed with the 




electric field was zero, not only new bands of R phase were formed on the sample, but also the 
previous R phase areas enlarged (Figure 7c). Also, consistent with the theoretical predictions, for 
the intermediate values of electric field and stress, the experimental results showed a monotonic 
competition between R and T phases. When the applied electric field was high, exerting stress 
was not as effective and the T phase becomes dominant (Figure 7d). Panels e and f in Figure 7, 
show the experimental results and the corresponding theoretical predictions, respectively.  
It is clearly seen that the effective Hamiltonian theoretical calculations were successful in 
predicting the monotonous increase of the ratio of R phase in the intermediate values of electric 
field and stress. Such good correspondence between theoretical predictions and experimental 
outcomes validates the effective Hamiltonian approach through MC simulations and is promising 
in the evaluation of deterministic dual control of the phase proportions in mixed phase 
multiferroic microstructures.  
It should be noted that while the theoretical calculations were performed under 
equilibrium conditions, the experiment results were evaluated after the application and removal 
of the fields. The correlation between the theory and experiment then indicates that the developed 
microstructures under the operating fields were mainly preserved in a metastable condition after 
the field was eliminated. Also, note that the observed deviations in the cases of high stress and 
large electric fields could be due to various parameters including calculating the phase ratio based 
on surface rather than volume [34], underestimating the applied stress, not achieving the 
equilibrium conditions experimentally, and evaluating the experimental results after the fields 
were removed. However, the overall agreement between MC simulations and experiment clears 
the path for investigating the deterministic control of phase populations under the applied fields 
in a more efficient way.  
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Chapter 3. Magnetoelectric Effect 
3.1.  Ferroelectricity 
In ferroelectric materials, there is a spontaneous polarization that can be switched 
reversibly upon the application of an external electric field. The response of a typical ferroelectric 
to the application of an electric field is demonstrated in the hysteresis loop of Figure 8. Starting 
from the origin and following the path in a counterclockwise direction, upon the application of 
electric field, polarization increases until it reaches a saturation point at which all dipole moments 
are aligned with the direction of the applied electric field (𝐸𝑠𝑎𝑡).  The electric field is then 
decreased with which polarization is reduced. When the applied electric field is zero, material 
possesses a remanent polarization (𝑃𝑟). The same scenario happens when the direction of the 
polarization is reversed and reaches a saturation polarization with the opposite direction. At the 
points which the net polarization is zero, the applied electric field is known as coercive field (𝐸𝑐). 
  
 
Figure 8 – Hysteresis loop of a typical ferroelectric. 
 
The hysteresis loops for ferromagnetic materials that demonstrates their response to the 
application of an external magnetic field is quite similar to the hysteresis loop of ferroelectrics. It 
 
 
    
  




is worth mentioning that ferroelectricity is a consequence of the fact that electrons possess charge; 
whereas, ferromagnetism is a consequence of the fact that electrons possess spin. 
Interestingly, in some multiferroics known as magnetoelectric materials there is a cross 
coupling between electrical and magnetic ordering. Discovered in 1960 [16,17], researchers’ 
interest in them faded after a decade due to difficult integration into actual technological devices 
and lack of microscopic understanding. Yet, a new and vigorous tide of research [8,10,59,60] is 
rising to design sensors, actuators, transducers, and memory devices by taking advantage of the 
cross-control of polarization (respectively, magnetization) by magnetic (respectively, electric) 
fields [3,30,61,62]. Such tide also aims at creating a deeper understanding of ME effects [63–65] 
in order to properly engineer those aforementioned devices. In particular, dynamical ME effects, 
which are critical for fast computing operations, have not received the attention they deserve. The 
ME coupling which is schematically demonstrated in Figure 9 [66] is such that the application of 
an external magnetic field can affect polarization, or conversely, the application of an external 
electric field can affect magnetization.   
 
 
Figure 9 – The cross coupling of magnetoelectric multiferroics [66]. 
 
It should be noted that the hysteresis loop behavior described for ferroelectric, 
ferromagnetic, or magnetoelectric materials is true at low temperature. For instance, in the case 
 
26 
of a ferroelectric at higher temperatures, the overall polarization is decreased and at the Curie 
temperature, 𝑇𝑐, the polarization vanishes abruptly. The material is known to go through a phase 
transition. The microscopic details of how such phase transitions take place is not discussed in 
this work. However, the Landau theory  [67], which is a macroscopic approach to describe 
properties such as phase transition, will be briefly discussed in the following.  
3.2.  Landau Theory of Phase Transition 
In general, a material is considered to have some internal properties such as electrical or 
magnetic dipole moments that can be changed when it is subjected to external stimuli such as 
electric or magnetic fields. These internal properties and external stimuli can be thought of as 
dependent and independent variables by which one can specify the characteristics of materials. 
Based on the fundamental postulates of thermodynamics, one can express the free energy of a 
system in terms of components of polarization, components of stress, and temperature, and then 
evaluate the dependent variables at equilibrium when the free energy is minimum.  A way to 
obtain an acceptable approximation of the free energy is to expand it in terms of the powers of 
dependent variables. As an example, in case of applying external electric field, 𝐸, on a material 











𝑐𝑃6 +⋯− 𝐸𝑃 (Equation 3.1 ) 
 
where 𝑎, 𝑏, and 𝑐 are coefficients that depend on temperature. Therefore, 𝑎, 𝑏, and 𝑐 may change 




= 0, (Equation 3.2 ) 
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= 𝑎𝑃 + 𝑏𝑃3 + 𝑐𝑃5 +⋯− 𝐸 = 0. (Equation 3.3 ) 
 




= 𝑃(𝑎 + 𝑏𝑃2 + 𝑐𝑃4) − 𝐸 = 0. (Equation 3.4 ) 
 
Here, different cases can happen. First is the case of positive values for 𝑎, 𝑏, and 𝑐. For this case, 
according to Equation 3.4 and when no electric field is applied, the minimum of the free energy 
will be at the origin (Figure 10). This is the situation for which the net polarization is zero and the 
material is known to be paraelectric.  
 
 






In an estimation for polarization, when the terms higher than the quadratic term are 




= 𝑎𝑃 − 𝐸 = 0. (Equation 3.5 ) 
 
Equation 3.5 is used to define the electric susceptibility which is the proportionality between the 








. (Equation 3.6 ) 
 
Near a specific temperature that here is denoted by 𝑇0, one can assume that 𝑎 changes 
linearly with temperature as  
𝑎 = 𝑎0(𝑇 − 𝑇0), (Equation 3.7 ) 
 
in which, as indicated earlier, 𝑎 is a function of temperature, but 𝑎0 is a positive value independent 












𝑐𝑃6 +⋯− 𝐸𝑃.  (Equation 3.8 ) 
 
Note that for the case that was discussed earlier, 𝑇 should be greater than 𝑇0 (𝑇 > 𝑇0), for 𝑎 to be 
positive. On the other hand, if 𝑇 is smaller than 𝑇0 (𝑇 < 𝑇0) which leads to a negative value for 
𝑎, while 𝑏 and 𝑐 are still positive, the minimum of the free energy will be at points of remanent 





Figure 11 – Free energy versus polarization for the ferroelectric phase. 
 
This is a situation for the material that is known as ferroelectric state. Therefore, when 𝑎 changes 
sign from positive to negative as a result of change in temperature, material experience a transition 
from paraelectric phase to ferroelectric phase which is known as a second order phase transition. 
Such transition is summarized in Figure 12. 
 
 
Figure 12 – Free energy curves for second order phase transitions. 
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Taking the derivative of free energy expressed by Equation 3.8 with respect to polarization 
while ignoring higher order terms results in 
 
𝑎0(𝑇 − 𝑇0)𝑃 + 𝑏𝑃
3 − 𝐸 = 0. (Equation 3.9 ) 
 











(𝑇0 − 𝑇). (Equation 3.11 ) 
 
𝑃 as a function of temperature is plotted in Figure 13. The second order phase transition is also 
known as continuous phase transition because, as clearly seen, polarization decreases gradually 
as temperature increases.   
 
 







So far it was assumed that 𝑏 and 𝑐 remain positive as 𝑎 changes sign due to change in 
temperature. There is also a case in which 𝑏 changes sign from positive to negative. For this case, 
polarization suddenly drops to zero as temperature increases. To explain such a case, Equation 





= 𝑎0(𝑇 − 𝑇0)𝑃 + 𝑏𝑃
3 + 𝑐𝑃5 − 𝐸 = 0. (Equation 3.12 ) 
 
In the absence of electric field and near a transition temperature at which the sign of 𝑎 changes 
(denoted here by 𝑇𝑐), the possible solutions for Equation 3.12 are 𝑃 = 0 or 
 
𝑎0(𝑇 − 𝑇𝑐) + 𝑏𝑃









(𝑇 − 𝑇𝑐) = 0. (Equation 3.14 ) 
 





























For the second term of the right-hand side of Equation 3.16 to be real, the following condition 
should be satisfied 
 
𝑏2 ≥ 4𝑎0𝑐(𝑇 − 𝑇𝑐), (Equation 3.17 ) 
 
which gives 




(Equation 3.18 ) 
 
Here, 




(Equation 3.19 ) 
 
is a spinodal temperature above which the net polarization is zero and the curve of free energy 
has only one minimum at the origin (phase one). Below this temperature, another phase forms for 
which 𝑃 > 0 (phase two). At this point, phase two co-exists in a metastable status together with 
phase one and the curve of free energy starts to have local minima (for which 𝑃 > 0) although 
the free energy of the phase one (with 𝑃 = 0) is still lower. Phase two becomes stable when its 
local minima of free energy reach zero. This is the transition point, 𝑇𝑐, for which both phase one 
and phase two are at thermodynamical equilibrium. Below the transition temperature, phase two 
becomes thermodynamically stable, while phase one can still coexist in a metastable status until 
the temperature reaches a binodal temperature, 𝑇𝑏, at which phase one does not exist anymore. 
The evolution of free energy as temperature changes from 𝑇𝑠 to 𝑇𝑏 is shown in Figure 14.  This 
type of phase transition is known as first order phase transition or discontinuous phase transition 
because of the sudden drop in polarization. 




Figure 14 – Free energy curves for first order phase transitions 
 
It is now clear that the phase transitions for the special case of a ferroelectric material subjected 
to the application of electric field and change in temperature can be successfully explained by 
Landau theory. 
In the next section, Landau theory is used to extract the magnetoelectric coefficient which 
explains the change of polarization as a result of the application of a magnetic field when 
temperature is constant.  
3.3.  Magnetoelectric Coefficients 
A more specific method based on the same approach of Section 3.2 can be used for the 
case of magnetoelectric materials where an applied electric or magnetic field can affect both 
electric and magnetic moments. For such a case the free energy can be expanded as  [60] 















𝛾𝑖𝑗𝑘𝐻𝑖𝐸𝑗𝐸𝑘 −⋯. (Equation 3.20 ) 
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Here 𝑬 and 𝑯 are, respectively, the applied electric and magnetic fields while 𝑃𝑖
𝑠 and 𝑀𝑖
𝑠 are the 
𝑖th components of spontaneous polarization and magnetization. 𝜖̂ and  ?̂? are representing electric 
and magnetic susceptibilities. ?̂? denotes a tensor that determines the linear magnetoelectric 
response of the material whereas ?̂? and 𝛾 are the tensors for quadratic responses. More details 
about the components of the magnetoelectric tensors can be found in reference [32]. From 
Equation 3.20, one can obtain magnetization by taking the derivative of the free energy with 
respect to magnetic field or polarization by taking the derivative of the free energy with respect 
to electric field as 
 




𝑠 + 𝜖0𝜖𝑖𝑗𝐸𝑗 + 𝛼𝑖𝑗𝐻𝑗  +
1
2
𝛽𝑖𝑗𝑘𝐻𝑗𝐻𝑘 + 𝛾𝑖𝑗𝑘𝐻𝑖𝐸𝑗  +⋯. (Equation 3.21 ) 
 
In the case of limiting the expansion to quadratic terms and studying the electrical 
polarization of a magnetoelectric material under the influence of only applied magnetic fields 
which is also the case of investigation in this work, Equation 3.21 is reduced to 
 
𝑃𝑖(𝐄 = 0,𝐇) = 𝑃𝑖
𝑠 + 𝛼𝑖𝑗𝐻𝑗  +
1
2
𝛽𝑖𝑗𝑘𝐻𝑗𝐻𝑘. (Equation 3.22 ) 
 
In some multiferroic materials including 𝐵𝐹𝑂, the strength of the linear magnetoelectric 
response, 𝛼, in comparison with the quadratic one, 𝛽, is very small [41,68]. The contribution of 
𝛼 becomes even more negligible when the applied magnetic field is relatively large (See 
Appendix H for more details about the contribution of the linear ME coefficient in the 




𝑃(𝐻) = 𝑃𝑠 +
1
2
𝛽𝐻2. (Equation 3.23 ) 
 
Equation 3.23, which determines the response of electrical polarization to the application of 
magnetic fields, makes it possible to study the temporal evolution of polarization if the applied 
magnetic field is time-dependent.  
3.4.  Dynamical Magnetoelectricity 
To date, most of the research case studies on magnetoelectric effect are focused on the 
static regime. The dynamical properties of magnetoelectrics, however, can result in the emergence 
of new effects. In this work, a time-dependent magnetic field which is a combination of an 𝑎𝑐 
field of frequency 𝜔 superimposed on a 𝑑𝑐 field with the following form  
 




) = 𝐻𝑑𝑐 +  ℎ𝑎𝑐[sin(𝜔𝑡) − 𝑖𝑐𝑜𝑠(𝜔𝑡)] (Equation 3.24 ) 
 
 
was used to study the dynamical magnetoelectric effect. Applying such magnetic field on 











), (Equation 3.25 ) 
 
then polarization is expressed as  
 












)], (Equation 3.26 ) 
 


































). (Equation 3.28 ) 
 




2  which represent the polarization at time 𝑡 = 0 can be denoted by 𝑃0. 
Therefore, 
 











). (Equation 3.29 ) 
 
In Equation 3.29, the second term couples the 𝑑𝑐 field with the 𝑎𝑐 field of frequency 𝜔. Therefore, 
its coefficient is denoted by 𝛽(0, 𝜔). On the other hand, the third term couples the 𝑎𝑐 field with 
frequency 𝜔 with itself. Therefore, its coefficient is denoted by 𝛽(𝜔, 𝜔). With such new notations 
Equation 3.29 will be 
 








2 𝑒𝑖(2𝜔𝑡−𝜋), (Equation 3.30 ) 
 
which is then rearranged based on the following form 
 




) + 𝑏𝑒𝑖(2𝜔𝑡+𝜙2𝜔−𝜋). (Equation 3.31 ) 
 

















From Equation 3.32, one can find 
 
𝛽(0, 𝜔)𝐻𝑑𝑐ℎ𝑎𝑐 = 𝑎𝑒








2 = 𝑏𝑒𝑖𝜙2𝜔 . (Equation 3.34 ) 
 
It should be noted that the quadratic magnetoelectric coefficients are complex quantities 
𝛽 = 𝛽′ + 𝑖𝛽′
′
. (Equation 3.35 ) 
 
Therefore, by using  
 
𝑒𝑖𝜙 = cos𝜙 + 𝑖 sin𝜙, (Equation 3.36 ) 
 
Equation 3.33 leads to 
 




𝛽′(0,𝜔)𝐻𝑑𝑐ℎ𝑎𝑐 + 𝑖𝛽′′(0,𝜔)𝐻𝑑𝑐ℎ𝑎𝑐 = 𝑎 𝑐𝑜𝑠 𝜙𝜔 + 𝑖 𝑎 𝑠𝑖𝑛 𝜙𝜔 . (Equation 3.38 ) 
 
Therefore, 




𝛽′′(0,𝜔)𝐻𝑑𝑐ℎ𝑎𝑐 = 𝑎 𝑠𝑖𝑛 𝜙𝜔 . (Equation 3.40 ) 
 




























(Equation 3.42 ) 
 
In the integrations of Equations 3.41 and 3.42, 𝜏 is the overall time of the molecular dynamics 
simulations that are used in the following sections.  







2 ] = 𝑏𝑒𝑖𝜙2𝜔 , (Equation 3.43 ) 
 


























































. (Equation 3.49 ) 
 
 
3.5.  Strain-Mediated Magnetoelectric Effect 
The magnetoelectric coupling can be activated through two different paths: direct 
coupling of polarization with a magnetic field versus mediated by strain. The latter is particularly 
investigated by mixing efficient magnetostrictive and piezoelectric materials, in composites [30] 
or heterostructures  [69,70]. The free energy for a bulk ferroelectric-antiferromagnet with ME 
coupling can be derived by a phenomenological model based on Landau theory as described in 
reference [71]. In such a model, the free energy has four main contributions 
 
















6 − 𝑃𝐸 (Equation 3.51 ) 
 























2𝑀2 (Equation 3.52 ) 
 
represents the magnetic contributions to the free energy where 𝐻 is the applied magnetic field 
while 𝑀 and 𝐿 represent magnetic and antiferromagnetic order parameters, respectively. 𝜉𝐿𝑀 





𝑐𝜂2 (Equation 3.53 ) 
 


















2, (Equation 3.54 ) 
 
represents the contributions of direct and indirect couplings to the free energy. More specifically, 
in Equation 3.54, the first and second terms are responsible for the direct magnetoelectric coupling 
via magnetic and antiferromagnetic orderings. The third and fourth terms represent electro-
mechanical and magneto-mechanical couplings, respectively.  














Therefore, for the case of Equation 3.55, 
𝜕𝐹
𝜕𝑃
= 𝛼𝑃𝑃 + 𝛽𝑃𝑃
3 + 𝛾𝑃𝑃
5 − 𝐸 + 𝜉𝑀𝑃𝑀
2𝑃 + 𝜉𝐿𝑃𝐿
2𝑃 + 𝜉𝜂𝑃𝜂𝑃 = 0. (Equation 3.57 ) 
 






2 + 𝜉𝜂𝑃𝜂 = 0. (Equation 3.58 ) 
 




















2). (Equation 3.60 ) 
 











2)) = 0, (Equation 3.61 ) 
 































𝜉𝜂𝑃𝜉𝜂𝑀 (Equation 3.64 ) 
 
in which 𝜉𝑀𝑃 is a direct magnetoelectric coupling, 𝜉𝜂𝑃 is an indirect electrostrictive coupling, and 







𝑀2 = 0. (Equation 3.65 ) 
 
Equation 3.64, which is the effective magnetoelectric coupling coefficient, explains how a direct 
coupling (first term) and indirect coupling (which is a product of electrostrictive 𝜉𝜂𝑃 and 
magnetostrictive 𝜉𝜂𝑀 in the second term) contribute to the overall response of the material. Such 
direct and indirect couplings should be considered while dealing with magnetoelectric materials 
possessing strain-related properties. A comprehensive discussion on the derivation of direct and 






Chapter 4. Dynamical Properties of Multiferroics 
In this chapter, an atomistic effective Hamiltonian scheme is employed within molecular 
dynamics simulations to investigate how the electrical polarization and magnetization of the 
multiferroic BiFeO3 respond to time-dependent 𝑎𝑐 magnetic fields of various frequencies, as well 
as to reveal the frequency dependency of the dynamical (quadratic) magnetoelectric 
coefficients [72]. 
As indicated earlier, two paths can be taken to realize the magnetoelectric coupling: the 
direct coupling of polarization with magnetic field as well as indirect coupling mediated by strain. 
These two types of coupling have been mostly for static properties [3,73–77]. In other words, 
how strain affects dynamical properties of multiferroics is mostly an uncharted territory. In 
particular, it is yet unclear whether ME coefficients can be improved with mechanical resonances 
in a single phase materials, as in laminar composites  [69,78]. It is also legitimate to investigate 
the effect of strain on electromagnons (mixing of phonons and magnons [64,79–81]), or even on 
the formation of novel types of (dynamical) objects. To resolve such issues, molecular dynamics 
simulations were performed to monitor the resulting time-dependency of electrical polarization 
and magnetization of BFO as a prototypical multiferroic subject to 𝑎𝑐 magnetic fields. It is found, 
that (i) electromagnons (of phonon frequencies) exist independently of allowing the homogeneous 
strain to relax; and (ii) relaxation of the homogeneous strain results in the emergence of a new 
type of quasiparticle consisting of acoustic vibrations coupled to optical phonons and magnons, 
and generating resonances in the quadratic ME coefficient.  
4.1.  Evaluating Dynamical Properties by Effective Hamiltonian MD Simulations 
The effective Hamiltonian that is used here is customized for BiFeO3 [43]  and its total 
energy is as described in Section 1.4. Such effective Hamiltonian was adopted for MD simulations 
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by solving the equations of motion for local modes, the tilting of the oxygen octahedra, magnetic 
moments, and strains as detailed in references [42,82,83]. More details about the MD 
computations and the effective Hamiltonian schemes for BFO can be found in 
references [32,49,68,84–93].  
It should be noted that such effective Hamiltonian, which is also employed in this work, 
correctly predicts a G-type antiferromagnetic ground state of rhombohedral 𝑅3𝑐 symmetry for 
BFO. In this state, there is a coexistence of a spontaneous polarization and tiltings of the oxygen 
octahedra along the [111] direction which is also consistent with experiments as well as first 
principles calculations [84,85]. There is also an excellent agreement between measurements of 
the Néel and paraelectric-to-ferroelectric Curie temperatures, and the unusual dependencies found 
for epitaxial strains [86], and also for the static intrinsic magnetoelectric coefficients [68]. The 
effective Hamiltonian scheme also reproduces the weak spin-canting-induced magnetization of 
BFO in its G-type antiferromagnetic (AFM) state accurately (as a result of the last term of 
Equation 1.4, which is also documented in reference [68]).  
The focus here is on the spin-canted magnetic state consisting of a predominant G-AFM 
vector which is directed along [11̅0] and coexisting with a weak magnetization directed along 
[112̅] (within the 𝑅3𝑐 phase of bismuth ferrite with a polarization directed along [111]) rather 
than on the magnetic cycloidal state that exists in BFO bulk in its 𝑅3𝑐 ground state as well ( [87–
89] and references therein). Also, note that such cycloidal state is known to change into the 
presently considered spin-canted AFM state of BFO under specific perturbations such as epitaxial 
strains [93] and large enough magnetic fields [32,90–92]. 
In this work, the simulated supercell size is 12×12×12 in terms of the 5-atom perovskite 
unit cell for which periodic boundary conditions are applied. MD simulations were carried out at 
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the temperature of 1 K under the NPT ensemble when the homogeneous strain is allowed to relax 
during the course of simulations and under the NVT ensemble when the total strain is clamped 
during the simulations. The considered configuration of BiFeO3 was subjected to a magnetic field 
with two components, both aligned along the[112̅] direction: a 𝑑𝑐 field with the magnitude of 
𝐻𝑑𝑐 = 245 T and an 𝑎𝑐 field expressed as ℎ𝑎𝑐𝑠𝑖𝑛(𝜔𝑡) where its magnitude is ℎ𝑎𝑐 =  61.2 T and 
its frequency, 𝜔, can vary for different simulations. The reason for choosing  such high 
magnitudes for the magnetic fields was to numerically observe the response of polarization more 
efficiently since magnetoelectric coefficients are known to be relatively small in 
BFO [28,32,68,94].  
4.2.  Dynamical Responses of Polarization, Magnetization, and Strain 
The temporal evolution of local modes as a result of MD simulations was calculated using 
the approach described in Section 1.6. Then, Equation 1.5 was used to calculate polarization as a 
function of time. The electrical dipole and magnetic moments were computed when the 
homogeneous strain was clamped (therefore adopting the homogeneous strain of the 𝑅3𝑐 state 
under only 𝑑𝑐 magnetic field of 245 T) during the MD simulations – while the inhomogeneous 
strain could still change – as well as a situation for which the homogeneous strain was unclamped 
to relax. To investigate the frequency spectrum of polarization and magnetization, Fourier 
analysis was used for both cases of clamped and unclamped strain.   
Figure 15a depicts the temporal behavior of the component of the polarization along the 
[111] direction in the 𝑅3𝑐 phase when the frequency of applied magnetic field is 160 GHz. On 
the right panel, Figure 15b, shows the corresponding Fourier analysis which demonstrates the 
contribution of four main frequencies in the temporal evolution of polarization: the applied 𝑎𝑐 
frequency and its double (i.e., 160 and 320 GHz), which confirms the occurrence of dynamical 
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magnetoelectric effects, and two higher frequencies of the order of 4300 and 7000 GHz, which 
are known to be natural  phonon frequencies (see references  [28,42,84,95–101]). 
 
 
Figure 15 – Temporal evolution and Fourier analyses when the strain is clamped. 
 
Remarkably, and as shown in Figure 15d, these four frequencies are also present in the 
Fourier analysis of the figure representing the temporal evolution of magnetization which is along 
the [112̅] direction shown in Figure 15c. The frequency of 160 GHz which is observed in Figure 
15d emerges from the energy that couples the magnetic moment with the ac magnetic field, where 
the frequency at 320 GHz is related to the non-linear magnetic couplings. Interestingly, the high 
frequencies around 4300 GHz observed in Figure 15d, and at weaker extent at 7000 GHz, reveal 







magnetization under a time-dependent magnetic field. Natural phonons, therefore, become 
electromagnons  [64,80,81], which is consistent with reference [102] for the 𝑅3𝑐 phase of BFO 
– these electromagnons are currently found through numerical simulations to originate from the 
fact that oxygen octahedral tilting and electrical polarization can affect the magnetic exchange 
parameters (via third and fourth terms of Equation 1.4). It should be noted that magnons with 
frequencies less than 160 GHz were not observed in Figure 15d because the applied magnetic 
fields are too strong that force the magnetic moments to follow them, in addition to having smaller 
oscillations originating from the coupling between magnetic moments with the discussed phonons 
(see Figure 15c). 
The effect on the electrical polarization and magnetization when the homogeneous and 
inhomogeneous strains were unclamped to relax during the course of MD simulations, can be 
understood from Figure 16. The behaviors of polarization and magnetization as time evolves are 
demonstrated in Figure 16a and Figure 16c, while their Fourier analyses are depicted in Figure 
16b and Figure 16d, respectively.  
Figure 16e and Figure 16f further show the evolution of the diagonal components of the 
homogenous strain tensor (𝜂𝐻,1, 𝜂𝐻,2 𝑎𝑛𝑑 𝜂𝐻,3) as a function of time together with their Fourier 
transforms, respectively, where Figure 16g and Figure 16h provide similar results but for the shear 
components of the homogeneous strain tensor (𝜂𝐻,4, 𝜂𝐻,5 𝑎𝑛𝑑 𝜂𝐻,6).  
Remarkably, unclamping the homogeneous strain to relax emerges two additional 
frequency peaks in the Fourier transform of the polarization in comparison with the case of 
clamped homogeneous strains. 
These two frequencies are around 90 and 267 GHz, respectively, and can also be observed 















Figure 16h shows that the frequency of 90 GHz is a consequence of the oscillations of the 
shear elements of 𝜂𝐻,4, 𝜂𝐻,5, and, 𝜂𝐻,6 while that of 267 GHz is emerged from the vibrations of 
the diagonal 𝜂𝐻,1, 𝜂𝐻,2, and, 𝜂𝐻,3 elements of the homogeneous strain. Figure 16f and Figure 16h 
further reveal that the diagonal and shear elements of the homogeneous strain tensor contain the 
frequency of the applied magnetic fields of 160 GHz too, and that 𝜂𝐻,1, 𝜂𝐻,2 and 𝜂𝐻,3 also possess 
another frequency of the order of 67 GHz that slightly appears in the Fourier analysis of the 
magnetization as depicted in Figure 16d. (It should be noted that, however, no frequency higher 
than 320 GHz was seen in the Fourier analyses of all homogeneous strain components, including 
the frequencies of the phonons.)  
The comparison of the results between the cases of clamped and unclamped homogeneous 
strains thus demonstrates that, in the MD simulations, the homogeneous strain tensor possesses 
its own natural frequencies of the order of 90 and 267 GHz that then couple with vibrations of 
both the polarization and magnetization (also note that these two frequencies are indeed natural 
frequencies of the homogeneous strain because they are also numerically observed in the Fourier 
analyses of the homogeneous strain when only a 𝑑𝑐 magnetic field was applied or even when no 
magnetic field was imposed on BFO, with the homogeneous strain being unclamped during all 
these additional simulations). In other words, one can create a new type of quasiparticle which is 
a mixture of acoustic phonons, optical phonons, and magnons, by applying 𝑎𝑐 magnetic fields 
with specific frequencies (here, 90 and 267 GHz). The creation of such quasiparticle can be 
understood through the following discussion. Application of magnetic field at the aforementioned 
frequencies naturally activates magnons, via the direct coupling between magnetic field and 
magnetic moments, which dynamically interact with the strain and its natural frequencies through 
the magnetostrictive effect. Such dynamical strain consequently activates optical phonons at the 
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same frequencies through electrostrictive and piezoelectric effects which couple strain and 
electrical dipoles, that then results in the formation of this quasiparticle. It is proposed to name 
such quasiparticle as electroacoustic magnons to emphasize that, unlike traditional 
electromagnons, strain also plays a significant role in their formation [72]. It is worth mentioning 
that pump-probe experiments detected acoustic excitations having similar frequencies than the 
presently predicted electroacoustic magnons, namely around 30 GHz and 50 GHz for transverse 
and longitudinal acoustic modes in BiFeO3, respectively  [103,104] (also note that the natural 
frequencies of the electroacoustic magnons calculated here depend on the choice of the 
homogeneous strain mass that is used in the MD simulations). Furthermore, a peak around 
300 GHz was seen in the Raman spectrum of the spin-canted magnetic structure of epitaxial 
BiFeO3 films [93]. Additionally, a phenomenon analogous to the proposed electroacoustic 
magnons has been reported in reference [104], indicating a dynamical coupling between nuclear 
spins and electromechanical phonons. Such phenomenon incorporates applying an 𝑎𝑐 electric 
field at the natural frequency of a resonator, which results in an electrically tunable phonon that 
imparts diagonal and shear strains oscillating with time and which then couple dynamically with 
spins of nuclei (through a quadruple interaction between strains and spins). The resulting 
dynamical coupling between electromechanical phonons and spins was declared to open up 
quantum state engineering, such as coherent coupling between sound and nuclei and mechanical 
cooling of solid-state nuclei [105]. Such interesting possibilities thus hint that the presently 
discovered electroacoustic magnons may lead to novel and important devices. 
4.3.  Dynamical Response of Magnetoelectric Coefficients 
In order to investigate the effect of electroacoustic magnons on the dynamical 
magnetoelectric responses, starting with Equation 3.30, the quadratic magnetoelectric coefficients 
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were calculated using the results of molecular dynamics simulations. Note that the second and 
third terms on the right-hand side of Equation 3.30 characterize the magnetic-field induction of a 
polarization component with the same frequency of applied 𝑎𝑐 magnetic field and a second 
harmonic generation, respectively – which is consistent with the occurrence of a strong Fourier 
peak at 160 GHz and a weaker one at 320 GHz in Figure 15b and Figure 15d. Another note is that 
Figure 15a also depicts the fit of 𝑃(𝑡) with a function of the form 𝐴 + 𝐵𝑠𝑖𝑛(𝜔𝑡) by means of a 
solid line. Such fit nicely goes throughout the numerical molecular dynamics results, implying 
that (i) the linear magnetoelectric coefficient as well as 𝛽(𝜔,𝜔) can be ignored in front of 𝛽(0, 𝜔) 
for the 𝑎𝑐 frequency of 160 GHz; and (ii) the validity of Equation 3.30 is further confirmed by the 
molecular dynamics results. The deviation of the MD results with respect to the fit consists of 
rapid oscillations that are associated with the phonon frequencies of about 4300 and 7000 GHz. 
Then, the real and imaginary parts of the quadratic ME coefficients for both cases of 
clamped and unclamped homogeneous strain were calculated via Equations 3.41 and 3.42, 
respectively (Figure 17a and Figure 17b). The frequency of applied 𝑎𝑐 magnetic field, 𝜔, was 
varied from 20 to 500 GHz and 𝛽′(0,𝜔) as well as 𝛽′′(0,𝜔) were computed at each frequency of 
applied magnetic field.  
When the homogeneous strain is clamped during the simulations, the imaginary part of 
𝛽(0, 𝜔) is basically null for any applied 𝑎𝑐 frequency while the real part 𝛽′(0, 𝜔) is almost 
independent of the frequency taking a value of the magnitude about 2.0×10
-8 C/m2T2  =
 0.32×10-19 s/A that is in agreement quite well with the 𝛽311 coefficient of 0.3×10
-19 s/A which 
is experimentally measured and reported in reference [28]. 
Conversely, when the homogeneous strain was fully relaxed, 𝛽(0, 𝜔) demonstrates two 




Figure 17 – Quadratic ME coefficient for clamped and unclamped strain. 
 
peaks of the imaginary part of ME coefficient, 𝛽′′(0,𝜔), at 90 and 267 GHz that are also observed 
through the strong negative values immediately followed by strong positive values of the real part 
of ME coefficient, 𝛽′(0,𝜔), in the vicinity of those two frequencies. 
Relaxing the homogeneous strain has, therefore, dramatic consequences on the dynamical 
quadratic ME coefficients near the resonant frequencies due to the dynamical couplings between 
strain and both the polarization and magnetization. The divergences of the quadratic ME 
coefficient at these two resonances that are induced by strain-mediated indirect ME coupling thus 
differ in nature from the divergences that were observed for the linear dynamical ME coefficient 
predicted to take place at magnons or phonon frequencies in reference [106] because these latter 
originate from a direct coupling between polarization and magnetization. Also, note that 
electromechanically mediated resonance in ME coefficients was already reported in laminar 
piezoelectric-magnetoelectric composite structures [69,78]. Here, it is of interest in the design of 
magnetoelectric-based sensors, for which the resonance frequency can be adjusted by properly 
designing the shape and size of a single phase multiferroic material (such as BiFeO3). 
 a  b 
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Note also that extracting the ME coefficients for high frequencies was not feasible, 
because the temporal evolution of the polarization went too noisy due to the interference between 
the phonon frequencies and the frequency of applied magnetic field. This justifies why the applied 
frequencies were limited up to 500 GHz in Figure 17. As a result, there was no chance to check if 
𝛽(0, 𝜔) has also resonances at the phonon or electromagnons frequencies of about 4300 and 
7000 GHz. 
It was mentioned earlier that the magnitude of the applied magnetic fields was chosen to 
be high to make it numerically easier to observe the response of polarization. Also, the 
temperature chosen for the simulations was 1 K which is not near room temperature. Therefore, 
some additional MD calculations were performed to check the validity of the results at relatively 
lower magnetic fields and near room temperature. Figure 18 reports the dependency of real and 
imaginary parts of the dynamical quadratic ME coefficient, 𝛽(0, 𝜔), on the frequency of the 𝑎𝑐 
applied magnetic fields when the homogeneous strain was unclamped and fully relaxed in the 
MD simulations at 300 K and for the same magnitude of magnetic fields that were reported earlier 
(under a 𝑑𝑐 magnetic field of 245 T of magnitude coexisting with an 𝑎𝑐 magnetic field of 61.2 T 
of magnitude, both aligned along the [112̅] direction). 
Figure 19, on the other hand, shows similar results but for the temperature of 1 K and 
various magnetic fields with smaller magnitudes. One can see that the discovered electroacoustic 
magnons (that are associated with resonances in the quadratic magnetoelectric coefficients) also 
exist at 300 K, as well as at 1 K for smaller magnetic fields which confirms the validity of the 





Figure 18 – Quadratic ME response vs. frequency at the temperature of 300 K. 
 
 




Chapter 5. Analytical Model for Dynamical Strain-induced Magnetoelectric Response 
In this chapter an analytical model that allows to understand the striking and novel 
dynamics of magnetoelectric effects in multiferroics is derived and further confirmed with 
effective Hamiltonian MD simulations. Specifically, the role of strain is uncovered to result in 
the existence of electroacoustic magnons that were introduced earlier as a new quasiparticle that 
mixes acoustic and optical phonons with magnons and that leads to resonance, and thus dramatic 
enhancement of magnetoelectric response of multiferroics. Moreover, a unique aspect of the 
dynamical quadratic magnetoelectric response under a magnetic field with various frequencies, 
which is the second harmonic generation (SHG), is discussed. These SHGs put emphasis on the 
fact that nonlinearities should be considered while dealing with systems similar to the one 
described here [107]. 
In magnetoelectric devices, one is usually interested in the response of the electric 
polarization, 𝑃 (or, conversely, the magnetization 𝑀), to an externally applied magnetic field 𝐻 
(or, conversely, an electric field 𝐸). For a long while, the direct control of polarization by 
magnetic fields, thus the direct coupling of spins and dipole moments, has been the primary focus 
of ME research in single phase materials. It has, however, been reported that the use of 
heterostructures and laminar piezoelectric-magnetostrictive composites [30,69,70,108] could 
lead to control of the polarization as well (through using strain as a mediator between spins and 
electric dipoles) [109,110]. For the former case, such direct coupling leads to the formation of so-
called electromagnon quasiparticles [64,80,111] (mixture of optical phonons and magnons). For 
the latter case, such indirect coupling was proposed in the previous chapter to generate a new 
quasiparticle, the electroacoustic magnon, which essentially mixes acoustic and optical phonons 
with magnons. While most studies of the strain-mediated dynamical magnetoelectric effect are 
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mainly centered on (i) the linear ME effect and (ii) heterostructures stacking piezoelectric and 
ferromagnetic films [112–115], this chapter, in comparison, primarily focuses on strain-induced 
resonances in the dynamical quadratic magnetoelectric effect in a single-phase material. This is 
potentially important as (i) the linear ME effect can vanish or be negligible even in 
magnetoelectric materials [41]; and (ii), dealing with a single phase material may lead to simpler 
processing and cost-effective manufacturing. 
5.1.  Strain-induced Magnetoelectricity 
There are several ways to show that long-wavelength acoustic phonons (or strain) can 
mediate magnetoelectric effects. Here, a model Hamiltonian that bears resemblance with a 
Landau expansion of the free energy similar to what was introduced in section 1.4 is employed 
that expands the free energy in terms of powers of the polarization 𝑃, magnetization 𝑀, and strain 





























𝑐𝜂2, (Equation 5.1 ) 
 
with 𝑚𝑃 and 𝑚𝜂 representing a mass for the polarization and strain degrees of freedom, while 𝑘 
and 𝑏 are constants; 𝜖 is the coupling constant of the direct bi-quadratic magnetoelectric effect, 
𝑄 is an electrostrictive coupling constant, 𝜆 is a magnetostrictive coupling constant and 𝑐 
represents the elastic constant of the system. 𝐸 represents the external electric field, which is 
assumed to vanish here. The kinetic energy introduced here is quadratic in the time derivative of 
strain because it simply mimics what is introduced in the effective Hamiltonian adopted for the 
MD equations. Such form originates from the integration of Newton’s equations of motion. By 
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deriving the Newtonian dynamical equations for polarization and strain while including −𝛾𝑃?̇? 
and −𝛾𝜂?̇? as terms of viscosity, one gets 
 
𝑚𝑃?̈? = −𝑘𝑃 − 𝑏𝑃
3 − 𝜖𝑀2𝑃 − 𝑄𝜂𝑃 − 𝛾𝑃?̇?, (Equation 5.2 ) 
 
and 






𝜆𝑀2 − 𝛾𝜂?̇?. (Equation 5.3 ) 
 
The Fourier transforms polarization, strain, and magnetization are then introduced to get an 
equation for the polarization as a function of magnetization (see Appendix I for more details): 
(𝜔𝑃
2 − 𝜔2 + 𝑖Γ𝑃𝜔)?̃? = 
−𝜉𝑃∫ 𝑑𝜔1∫ 𝑑𝜔2?̃?(𝜔 − 𝜔1)?̃?(𝜔1 − 𝜔2)?̃?(𝜔2) 
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. (Equation 5.13 ) 
 
In the definitions given above, 𝜔𝑃 and 𝜔𝜂 are, respectivly, the associated frequencies of 
polarization and strain. 𝜉𝑃𝑀 is a constant coefficient representing the direct bi-quadratic ME 
coupling. Γ𝑃 and Γ𝜂 are terms associated with the damping of polarization and strain, respectively.  
Equation 5.4 is then derived with respect to two magnetic fields: a magnetic field 𝐻(𝜔0) having 
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an angular frequency of 𝜔0 and after that a second magnetic field 𝐻(𝜔0
′ ) having a different (or 
the same) angular frequency, 𝜔0
′ . The following small field limit condition is applied as well 
 
𝛽(𝜔0







 (Equation 5.14 ) 
 
in which 𝛽(𝜔0
′ , 𝜔0) is the dynamical quadratic magnetoelectric coefficient. The detailed and 
explicit derivations of the quadratic magnetoelectric constants are provided in the Appendix I. To 
simplify the analysis, it is assumed, as explained earlier for BFO, that the linear magnetoelectric 
coefficient is negligible in comparison with quadratic magnetoelectric terms (see Appendix H as 
well for more details). The dynamical quadratic magnetoelectric coefficient after applying the 
aforementioned conditions is then expressed as 
 
𝛽(𝜔0















′ + 𝜔0)2 + 𝑖Γ𝑃(𝜔0
′ + 𝜔0))(𝜔𝜂2 − (𝜔0
′ + 𝜔0)2 + 𝑖Γ𝜂(𝜔0
′ + 𝜔0))
. 
 (Equation 5.15 ) 
 
It is worth mentioning here that in Equation 5.15, the first term proportional to 𝜉𝑃𝑀 which 
represents the direct coupling between polarization and magnetization, is exactly the term derived 
by Laguta et al. in reference [71]. For the specific case of interest in this work where the applied 
magnetic field is a combination of an 𝑎𝑐 field with varying frequency of 𝜔 superimposed on a 𝑑𝑐 
bias field, the quadratic magnetoelectric effect will adopt periodic changes of the polarization 




0, indicating a coupling between the 𝑎𝑐 and 𝑑𝑐 field and the case of 2𝜔 corresponds to the 
situation of 𝜔0
′ = 𝜔0 = 𝜔. These two cases respectively lead to the following ME constants 
 
𝛽(0, 𝜔) = −𝜉𝑃𝑀
𝜒𝑀(0)𝜒𝑀(𝜔)?̃?(0)
?̃?𝑃







2 − 𝜔2 + 𝑖Γ𝑃𝜔)(𝜔𝜂2 − 𝜔2 + 𝑖Γ𝜂𝜔)
















2 − 4𝜔2 + 𝑖Γ𝑃2𝜔)(𝜔𝜂2 − 4𝜔2 + 𝑖Γ𝜂2𝜔)
. (Equation 5.17 ) 
 
As indicated, the first component, 𝛽(0, 𝜔), which is the quadratic ME coefficient that 
couples the 𝑑𝑐 and 𝑎𝑐 fields, generates a frequency at 𝜔 for the polarization. This component can 
be considered as an effective linear ME term because the linear term also generates a signal at the 
frequency 𝜔. More precisely, due to the combined presence of a 𝑑𝑐 and an 𝑎𝑐 magnetic field, 
from a dynamical perspective, 𝛽(0, 𝜔) is an effective linear ME term because the existence of the 
𝑑𝑐 field results in the breaking of the magnetic symmetry which leads to a  magnetoelectric effect 
that is linear in the 𝑎𝑐 field. Also, as explained in Appendix H, it was checked that the linear 
coefficient, 𝛼, does not play a significant role in the effective linear term 𝛽(0, 𝜔). The first 
component of ME coefficient, 𝛽(0, 𝜔), experiences resonances under three different conditions 
according to Equation 5.16: (i) 𝜒𝑀(𝜔) has a resonance which is when 𝜔 ≈ 𝜔𝑚𝑎𝑔𝑛𝑜𝑛; (ii) the 
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frequency of the applied magnetic field is equal to an optical phonon frequency which is when 
𝜔 = ?̃?𝑃; or (iii) the frequency of applied magnetic field is equal to a strain resonance mode which 
is when 𝜔 = 𝜔𝜂 (Figure 20a  [107]). 
 
 
Figure 20 – Mixing of long-wavelength acoustic phonons, optical phonons, and magnons. 
 
The second component, 𝛽(𝜔, 𝜔), which is the quadratic ME coefficient that couples the 
𝑎𝑐 field with itself, generates a frequency at 2𝜔 for the polarization. This case is considered as a 
second harmonic generation. In a similar way, this component also experiences resonances under 
three different conditions according to Equation 5.17: (i) 𝜒𝑀(𝜔) has a resonance which is when 
𝜔 ≈ 𝜔𝑚𝑎𝑔𝑛𝑜𝑛 (exactly the same as the one of 𝛽(0, 𝜔)); (ii) the frequency of the applied magnetic 
field is equal to half of the phonon frequency which is when 𝜔 = ?̃?𝑃/2; or (iii) the frequency of 
the applied field is equal to half of the strain frequency which is when 𝜔 = ?̃?𝜂/2. 
Note that, contrary to the case of the first component, 𝛽(0, 𝜔), for which the phonon and 
strain resonances happen at ?̃?𝑃 and ?̃?𝜂, in the case of the second component, 𝛽(𝜔,𝜔), the 
phonon-related and strain-related resonances occur at 𝜔 = ?̃?𝑃/2 and 𝜔 = ?̃?𝜂/2, respectively 
(Figure 20b). In Chapter 4, neither 𝛽(𝜔,𝜔) nor the more general 𝛽(𝜔0
′ , 𝜔0) of Equation 5.15 
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were discussed despite their potential importance for non-linear physics. Here, a comprehensive 
explanation about the demonstrations given in Figure 20 is provided to further clarify such a 
general case. Polarization 𝑃 is usually affected by electric fields 𝐸. However, direct coupling 
between optical polar phonons and magnetic moments and their quasi-particle-like excitation 
(known as magnon) allow to control polarization with magnetic field 𝐻(𝜔). Such coupled electric 
and magnetic excitations are known as electromagnons.  
An alternative way to control the polarization with magnetic fields is to take advantage of 
the mediation of acoustic phonon through magnetization-strain couplings (magnetostriction and 
piezomagneticity) as well as polarization-strain couplings (electrostriction and piezoelectricity). 
Such strain mediated magnetoelectric coupling incorporates a mixture of magnetic, mechanic, 
and electric excitation called an electroacoustic magnon. When combining the application of a 
static and dynamical magnetic field with frequency 𝜔, the outcome of polarization has the 
frequency of 𝜔, and shows strain induced resonance when the frequency of the dynamical field 
corresponds to the strain resonance frequency 𝜔𝜂 (Figure 20a).  When a dynamical field 𝐻(𝜔) is 
applied, a signal at 2𝜔 can also be seen (Figure 20b) and resonance takes place when the condition 
2𝜔 = 𝜔𝜂 is satisfied. Finally, in the most general case (Figure 20c), two dynamical fields with 
different frequencies 𝜔0 and 𝜔0
′  can be concurrently applied to produce a polarization oscillation 
with frequency 𝜔0 + 𝜔0
′ ; in such case, resonance can be induced when 𝜔0 + 𝜔0
′ = 𝜔𝜂.  
Note that, in Equations 5.16 and 5.17, the terms involving strain-induced resonances are 
proportional to ?̃?𝑃?̃?, and here are identified as the product of electro-mechanical and magneto-
mechanical couplings. It is now clear that the electroacoustic magnon, discussed in the previous 
chapter (but for which the origin was not clearly explained), is presently revealed as a combination 
of long-wavelength acoustic phonons, optical phonons, and magnons, as it results from the mixed 
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operation of piezoelectric and magnetostrictive couplings. This new additional handle opens a 
new avenue, as described in Figure 20, to enhance the ME effect at different frequencies as 
compared to pure electromagnons (understood here as the consequence of the direct coupling of 
electrical and magnetic excitations). Practically, one can tailor the mechanical resonance 
frequency associated with the electroacoustic magnon by changing the shape or size of the 
material, as commonly done in piezoelectric-induced dielectric resonances [116]. 
5.2.  Verification of the Model by Molecular Dynamics Simulations 
To verify the validity of the provided model, molecular dynamics simulations using an 
atomistic effective Hamiltonian (whose details were described in the previous chapters) were 
performed on the prototypical multiferroic material BFO. Here, the inhomogeneous electric field 
which is a result of the time-dependent magnetic field was neglected for two main reasons: (1) to 
avoid the polarization response originated by the dielectric response of BFO to the electric field, 
so that the results purely reflect the magnetoelectric nature of the response (in other words, here 
this electric field is neglected to solely focus on the ME response); (2) the periodic boundary 
conditions applied on supercells in all three Cartesian directions practically prevent modeling 
such an inhomogeneous electric field. Also, an arbitrary (large but not infinite) value for the mass 
of strains is assumed, and this mass is naturally linked with the frequencies of the electroacoustic 
magnons. The mass of the strains can be affected by varying the size and shape of the sample to 
induce a piezoelectric resonance and, therefore, tune the electroacoustic magnon frequencies. The 
approach that was taken in the previous chapter to perform two types of simulations being (1) 
unclamped simulations for which the homogeneous strain was allowed to change, and (2) clamped 
simulations, with frozen supercell lattice vectors, was used here to verify the analytical model 
introduced in previous sections. The temporal behaviors of polarization, magnetization, and the 
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components of strain under the influence of magnetic fields were studied by Fourier analysis. The 
results of such analyses (for both cases of clamped and unclamped strain and when the frequency 
of the applied ac field is 160 GHz) are shown for polarization and magnetization in Figure 21 and 
Figure 22, respectively. Particularly, Figure 21a shows the Fourier transform of the polarization 
when the system is clamped and unclamped. In both cases, one sees two peaks at 160 GHz and 
320 GHz, which are the first and second harmonic responses to the applied magnetic field, which 
also confirms that BFO is a magnetoelectric material. Other peaks are also present, in both of 
these cases, at 4320 and 7008 GHz, which are optical phonon excitations that impact the 
polarization evolution. 
Interestingly, and as indicated earlier in the previous chapter, those latter peaks can also 
be seen in the Fourier transform of magnetization (see Figure 21b for clamped and unclamped 
systems), and are thus indeed electromagnons [79]. In addition, by comparing the clamped and 
unclamped response of the polarization (Figure 21a), one notices two additional Fourier 
components at 90 and 267 GHz in the unclamped case. 
As it was declared in the previous chapter, the Fourier analysis also reveals that the peaks 
at 267 and 90 GHz are, respectively, related to the vibrations of diagonal and shear components 
of homogeneous strain (Figure 22). Also, as reckoned previously, those peaks can be traced back 
to acoustic phonon excitations (strain resonances). There is also a peak at 100 GHz in Figure 22 
which is a mode that is seen at any applied frequency and even in the absence of applied magnetic 
field. Although it is intrinsic to the strain, it does not couple with magnetization, polarization, and 
consequently, with the ME response, 𝛽. The two additional frequencies at 267 and 90 GHz are 
also observed in the Fourier analysis of the magnetization response in Figure 21b for the 
unclamped case, therefore indicating that the overall response of the system at this frequency is a  
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Figure 21 – Fourier analyses of polarization and magnetization. 
 
combination of electric, magnetic and strain responses, hence, the name electroacoustic magnon 
was given in the previous chapter. 
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Figure 22 – Fourier analyses of the components of strain. 
 
The first and second components of ME coefficient, 𝛽(0, 𝜔) and 𝛽(𝜔,𝜔), were then 
obtained through Equations 3.41, 3.42, 3.48, and 3.49. Although the results for 𝛽(0, 𝜔) were 
already discussed in the previous chapter, they are presented here for better comparison. Figure 
23a and Figure 23b show the results of the MD calculations for the real and imaginary parts of 
𝛽(0, 𝜔) and 𝛽(𝜔,𝜔), respectively. In agreement with the analytical model provided earlier, the 
resonances in 𝛽(0, 𝜔) when the strain was unclamped were clearly observed in the simulations 
and specifically when the frequency of the 𝑎𝑐 magnetic field matches a resonance of the strain 
(being 90 or 267 GHz).  
Since the numerically calculated values obtained in the simulations at small frequencies 
are consistent with previously reported measurements for 𝛽(0, 𝜔)  [28], the accuracy of the 
effective Hamiltonian for BFO as well as the provided model was further attested. Remarkably, 
as it was discussed and predicted earlier via the provided phenomenological model for the case 
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of 𝛽(𝜔,𝜔) and as numerically endorsed by Figure 23, when the strain was unclamped, two strong 
strain-mediated resonances took place at 45 and 133 GHz (i.e., exactly half frequencies with 
respect to the strain-induced resonances of 𝛽(0, 𝜔)). 
 
          
Figure 23 – First and the second components of the quadratic magnetoelectric coefficient. 
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Also, it should be noted that resonance frequencies were noticeable at the strain resonance 
frequencies of 𝛽(0, 𝜔) (being 90 GHz and 267 GHz) in 𝛽(𝜔, 𝜔) too, albeit with smaller intensity. 
The detailed model of the Appendix I predicts that such resonances should occur in 𝛽(𝜔,𝜔), and 
are proportional to the linear ME coupling. It is, therefore, natural to also observe a lower intensity 
compared to strain half-frequencies resonances in 𝛽(𝜔,𝜔), since such linear ME coupling is 
relatively weak in BFO. 
5.3.  Numerical Demonstration of the Validity of the Analytical Model 
In order to demonstrate the validity of the analytical model described by Equations 5.16 
and 5.17, they were used to fit the results of the MD simulations when the frequency of applied 
magnetic field changed from 20 GHz to 500 GHz. 
Based on the existence of two electroacoustic magnons, the function defined for 𝛽(0, 𝜔) 









2 − 𝜔2 + 𝑖Γ𝑃𝜔)(𝜔𝜂1





2 − 𝜔2 + 𝑖Γ𝑃𝜔)(𝜔𝜂2
2 − 𝜔2 + 𝑖Γ𝜂2𝜔)
 . (Equation 5.18 ) 
 
Here, 𝐴, 𝐵1, 𝐵2, 𝛤𝑃 , 𝛤𝜂1, 𝛤𝜂2, 𝜔𝜂1, and 𝜔𝜂2 are fitting parameters, while 𝜔𝑃 is the frequency of 
phonon which is set to 4320 GHz. Figure 24a clearly demonstrates that the function 𝑓(0, 𝜔) fits 
very well the MD data for the real part of 𝛽(0, 𝜔) which, therefore, confirms the validity of the 
model leading to Equations 5.16. For the case of 𝛽(𝜔, 𝜔) a similar approach (based on the 
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. (Equation 5.19 ) 
 
 
Figure 24 – Fitting the results of the MD simulations with the model. 
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Figure 24b shows that Equation 5.19 fits quite well the MD data for the real part of 𝛽(𝜔,𝜔) 
(except for the two peaks existing at frequencies of 𝜔 = 90 GHz and 𝜔 = 267 GHz, that may be 
numerical residuals of 𝛽(0, 𝜔)). Such overall agreement further justifies this analytical model 
that also results in Equation 5.17. 
Strain-mediated dynamical resonances in both components of the quadratic 
magnetoelectric coefficients, 𝛽(0, 𝜔) and 𝛽(𝜔,𝜔), which were described first by using a simple 
analytical model, and then verified by more complex and complete numerical MD simulations, 
are thus a promising path to enhance ME couplings. In fact, since the homogenous strain can vary 
depending on the size and shape of the material, the resonances in ME responses can vary with 
different sizes and shapes of samples [117], and thus be tailored to operate at a certain speed. The 
dependence of the resonance frequencies on strain provides opportunities to engineer samples 
with enhanced magnetoelectric responses to be used toward fast (by adjusting the resonance 
frequency) and efficient ME devices [118]. They also give rise to fascinating new physics, as the 
indirect couplings between strain and electrical and magnetic degrees of freedom allows the 
emergence of a new type of quasiparticle, that is the electroacoustic magnon.  
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Chapter 6. Conclusions 
The existence of several interacting degrees of freedom in multiferroics makes them 
complicated systems both theoretically and experimentally. The rich physics behind such systems 
which is accompanied by a huge potential for practical applications and novel designs is the 
driving force behind a surge of research activity in this field. 
The approaches presented in this work to explore the properties of bismuth ferrite as a 
lead-free and room-temperature-functional prototypical multiferroic were successful in 
simulating and predicting the properties of multiferroic materials in both static and dynamical 
regimes. The simulation methods of Monte Carlo adopting the effective Hamiltonian scheme 
effectively predicted the competition of phases of strained BFO under the effect of electric field 
and mechanical stress in a static regime which was also verified by comparing the theoretical 
predictions with experimental tests. Having control over the phase population by selective 
switching via electric field and/or mechanical stress provides opportunities to design novel 
devices such as phase change storage media.  
Moreover, molecular dynamics methods within the framework of effective Hamiltonian 
in a dynamical regime, not only revealed the emergence of a new quasiparticle called 
electroacoustic magnon as a combination of acoustic phonons, optical phonons, and magnons, 
but also provided the potential for the enhancement of magnetoelectric response of multiferroics 
by tunning the frequency of time-dependent applied magnetic fields with the resonances 
occurring in the quadratic response of the materials. Such improvements in the magnetoelectric 
responses which are also possible by playing with the size and shape of materials, clear the way 
towards the design of more advanced magnetoelectric devices. Additionally, the analytical model 
derived based on Landau theory (i) revealed the importance of strain as a mediator to activate 
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magnetoelectricity; (ii) explained the origin of electroacoustic magnons; and (iii) uncovered the 
importance of the nonlinear effects that need to be considered while dealing with multiferroics 
with such complexities.  
6.1.  Future Prospects 
The new effects associated with exposing multiferroic materials to different 
environmental conditions and external stimuli provide a variety of options to explore their 
promising properties and partially fulfill the high demand for more sophisticated devices based 
on the functionalities of materials. A list of possible case studies based on the approaches in this 
work is provided in the following. 
The study of magnetoelectric effects via molecular dynamics simulations was performed 
for the case of bismuth ferrite adopting monodomain. It is, however, legitimate to apply the same 
conditions to multidomain structures to check the effect of domains and, more specifically, 
domain walls on polarization, magnetization, strain, and, more importantly, magnetoelectric 
responses. The dynamical effects arising from the application of time-dependent magnetic fields 
and their coupling with the vibrations of the domain walls would be interesting points of interest. 
In the present work, the application of large magnetic fields made it possible to have better 
statistics and resolution to study the response of polarization as well as magnetoelectric response 
to the time-dependent field. Such large fields, however, destroy the cycloids that can exist in the 
presence of lower magnetic fields. Also, the frequency range of applied magnetic field in this 
work was within the range of GHz-THz which is crucial for the design of high- speed devices. 
Although it is technically difficult to perform Molecular Dynamics simulations in lower 
frequency ranges, it is still important to study the dynamical effects through other available 
methods to explore the effects associated with lower frequencies of applied fields. 
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Another alternative path that can be taken as a continuation of this study, is to apply time-
dependent electric fields and investigate the change in magnetization and the magnetoelectric 
responses associated with that. Such approach is more desired for practical purposes because it is 
technically much easier to apply electric fields rather than magnetic fields. Moreover, in the 
memory devices that are currently in use, the process of writing the data into the memory is done 
by applying magnetic field – a process in which more than 99% of the energy is wasted in the 
form of heat. Therefore, magnetoelectric memory devices in which data can be written electrically 
and read magnetically are more energy-efficient and cost-effective.  
One other possible case study according to the approaches used in this work is to apply 
time-dependent stress to multiferroics. Although applying time-dependent electric or magnetic 
fields are experimentally easier than that of stress, activating and consequently controlling strain 
by applying external mechanical stress provides new handles for practical applications. Applying 
time-dependent stress in numerical simulations is less challenging than experiment and opens 
opportunities to predict the properties and characteristics of multiferroics through theoretical and 
numerical methods. 
Finally, based on the generality of the methods and approaches introduced in this work, it 
is possible to apply them to other multiferroic materials than bismuth ferrite. Although, bismuth 
ferrite is known to be one of the most promising multiferroics for practical applications, there are 
other multiferroics with different interesting functionalities that are worth being investigated 
through the methods provided in this work. 
The list provided above contains only few possible paths that can be taken to explore the 
promising applications and properties of multiferroics. More practical applications of such 
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Appendix A: Description of Research for Popular Publication 
Functional materials are applied in a variety of technological applications as they possess 
properties that can be significantly controlled by external stimuli such as a change in temperature 
or applying electric field, magnetic field, or stress. In recent years, a category of functional 
materials known as magnetoelectrics has drawn enormous attention because of the internal 
connection between the electrical and magnetic properties. This means that one can control their 
electrical properties by applying magnetic field, or conversely, their magnetic properties by 
applying electric field. Such control would allow scientists and engineers to design more 
sophisticated and novel devices such as storage media with significantly lower power 
consumption and magnetic sensors and read heads with much higher sensitivity. Two current 
roadblocks for functional materials being tested in such applications are small magnetoelectric 
response and functionality at very low temperature. 
In this work, an approach is proposed which clears the way to significantly enhance the 
response of bismuth ferrite (also known as BFO), which is one of the few magnetoelectric 
materials with functionality at room temperature. Such an approach is based on a mechanism in 
which three quasiparticles are mixed to form a new quasiparticle that is coined electroacoustic 
magnon. This mechanism provides opportunities to tune the applied magnetic field or engineer 
the size and shape of the materials to reach strikingly larger magnetoelectric responses. Also, in 
this study, an analytical model is derived to explain the origin of electroacoustic magnons and 
understand the novel dynamics of magnetoelectric effects in magnetoelectric materials, which is 
then confirmed by atomistic numerical simulations through the facilities of Arkansas High 
Performance Computing Center. 
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Appendix B: Executive Summary of Newly Created Intellectual Property 
The following list of new intellectual property items were created in the course of this 
research project and should be considered from both a patent and commercialization perspective. 
1. A method for enhancing the magnetoelectric response of multiferroic materials by 
adjusting the frequency of applied magnetic fields to the frequency of new quasiparticles 
introduced in this work named “electroacoustic magnons” or by engineering the size and shape 





Appendix C: Potential Patent and Commercialization Aspects of Listed Intellectual 
Property Items 
 
C. 1 Patentability of Intellectual Property (Could Each Item be Patented) 
The method for enhancing the magnetoelectric response of multiferroic materials by 
adjusting the frequency of applied magnetic fields or engineering the size and shape of the 
material can likely be patented only if it is confirmed experimentally. 
C. 2 Commercialization Prospects (Should Each Item Be Patented) 
The method for enhancing the magnetoelectric response of multiferroic materials can be 
commercialized if the experimental confirmation of the method shows the feasibility of 
producing a device based on the functionality of magnetoelectric materials. 





Appendix D: Broader Impact of Research 
 
D. 1 Applicability of Research Methods to Other Problems 
Although the case studies investigated in this work are mostly centered around bismuth 
ferrite, the methods and models presented here can be generalized to address problems focused 
on other multiferroic materials in general, and more specifically multiferroics possessing 
perovskite structure. Also, the control of phase population through selective application of electric 
field and/or mechanical stress is a general approach that can be applied to other materials with 
morphotropic boundary conditions. Moreover, the approaches proposed here to enhance 
magnetoelectric coefficient can be tested both numerically and experimentally with other types 
of multiferroics to explore the possibility of reaching larger responses that lead to the design of 
more efficient magnetoelectric devices. 
 
D. 2 Impact of Research Results on U.S. and Global Society 
A part of high demand for more sophisticated devices designed based on the novel 
functionalities of materials can be fulfilled by taking advantage of the results achieved here. The 
community will benefit from this work in several ways including the development of new types 
of electronic memories, magnetic field sensors, switchable ferroelectric diodes, and photovoltaic 
devices.  
 
D. 3 Impact of Research Results on the Environment 
In recent decades, materials possessing no, or least possible, toxic structures together with 
functionalities at room temperature are promoted as they minimize the risk of exposing the 
environment to dangerous and hazardous substances. For instance, although lead titanate and lead 
zirconate titanate are quite promising for technological applications, the presence of lead as a 
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toxic element within their structures makes them less desirable to be used in new devices. 
Conversely, bismuth ferrite, which is the material of choice in this dissertation, is a lead-free 
compound that is functional at room temperature. The application of bismuth ferrite and similar 
multiferroics in new devices lessens the risk of using toxic or harmful elements and compounds 
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Model Number: Asus UX461F 
Location: Notebook PC 
Software #1: 
Name: Microsoft 365®  
Provided by University of Arkansas 
Software #2: 
Name: MATLAB R2019b 
Provided by University of Arkansas 
Software #3: 
Name: Wolfram Mathematica 12 
Provided by University of Arkansas 
Software #4: 
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Appendix H: The Contribution of the Linear Coefficient in the Magnetoelectric Response 
In order to quantify the contribution of the linear coefficient, 𝛼, in the magnetoelectric 
response of BiFeO3, both linear and quadratic coefficients were derived as described in the 
following. 
 
𝑃 = 𝑃𝑠 + 𝛼𝐻 +
1
2
𝛽𝐻2. (Equation 1 ) 
 
Here, 𝑃 is electrical polarization, 𝑃𝑠 is the spontaneous polarization, and 𝐻 is the external applied 
magnetic field. 𝛼 and 𝛽 are the linear and quadratic magnetoelectric coefficients, respectively. If 
the applied magnetic field is a combination of a 𝑑𝑐 field and an 𝑎𝑐 field with the frequency of 𝜔 
as   
 




), (Equation 2 ) 
 
then 












































2 ] 𝑒𝑖(2𝜔𝑡−𝜋). (Equation 5 ) 
 
Arranging  Equation 5 in the form of  
 








[𝛼′(𝜔) + 𝑖𝛼″(𝜔)]ℎ𝑎𝑐 + [𝛽
′(0, 𝜔) + 𝑖𝛽″(0, 𝜔)]𝐻𝑑𝑐ℎ𝑎𝑐 = 








2 ] = 𝑏 cos𝜑2𝜔 + 𝑖𝑏 sin𝜑2𝜔 . (Equation 8 ) 
 



















































































∫ (𝑃 − 𝑃0)𝑠𝑖𝑛(𝜔𝑡)𝑑𝑡
𝐿
0
, (Equation 13 ) 
 
Equation 9 can be rearranged into the following form 
 
𝐻𝑑𝑐ℎ𝑎𝑐𝛽
′(0, 𝜔) = 𝑆 − 𝛼′(𝜔)ℎ𝑎𝑐, (Equation 14 ) 
 
𝑆 = 𝐻𝑑𝑐ℎ𝑎𝑐𝛽




= 𝛽′(0, 𝜔)𝐻𝑑𝑐 + 𝛼
′(𝜔). (Equation 16 ) 
 
Now, if from the MD simulations 𝑆/ℎ𝑎𝑐 for different values of 𝐻𝑑𝑐 (for a fixed 𝜔 and a fixed 
ℎ𝑎𝑐) is calculated and a fit based on Equation 16 is applied, 𝛼
′(𝜔) can be extracted in addition to 
𝛽′(0, 𝜔). The results for 𝑆/ℎ𝑎𝑐 for different values of 𝑑𝑐 magnetic fields when ℎ𝑎𝑐 =61.2 T and 
𝜔 =160 GHz are shown in Figure H1. 
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The goodness of a straight line fit confirms the validity Equation16, and the extracted 
values are: 
𝛽′(0, 𝜔) = -2.614×10-8 
𝛼′(𝜔) = -3.655×10-7 
The value of 𝛽′(0, 𝜔)𝐻𝑑𝑐 is thus larger than 𝛼′(𝜔) by one order of magnitude when 𝐻𝑑𝑐  
is of the order of 100 T or greater. In fact, when the applied magnetic field increases, the 
contribution of the linear ME response, 𝛼, becomes negligible in comparison with the quadratic 
response in such a way that 𝛽𝐻𝑑𝑐 >> 𝛼. 
 
 





Appendix I: Derivation of Direct and Indirect Contributions to ME Responses 
To derive the direct and indirect contributions to the linear and quadratic magnetolectric 





























𝑐𝜂2, (Equation 1 ) 
 
with 𝑃 being the polarization, 𝜂 being the homogeneous strain, 𝑀 being the magnetization, and 
𝐸 being an externally applied electric field. Using such Hamiltonian, the Newtonian equations of 
motion will be 
 
𝑚𝑃?̈? = −𝑘𝑃 − 𝑏𝑃
3 − 𝜖𝑀2𝑃 + 𝐸 − 𝑄𝜂𝑃 − 𝛾𝑃?̇?, (Equation 2 ) 
 
and 






𝜆𝑀2 − 𝛾𝜂?̇?. (Equation 3 ) 
 














































, (Equation 11 ) 
 



















?̃?𝑀2 − Γ𝜂?̇?. (Equation 13 ) 
 




















(Equation 16 ) 
 
makes the equations of motion lead to 
(𝜔𝑃
2 − 𝜔2 + 𝑖Γ𝑃𝜔)?̃? = 
−𝜉𝑃∫ 𝑑𝜔1∫ 𝑑𝜔2?̃?(𝜔 − 𝜔1)?̃?(𝜔1 − 𝜔2)?̃?(𝜔2) 
−𝜉𝑃𝑀∫ 𝑑𝜔1∫ 𝑑𝜔2?̃?(𝜔 − 𝜔1)?̃?(𝜔1 − 𝜔2)?̃?(𝜔2) 













?̃? ∫ 𝑑𝜔1?̃?(𝜔 − 𝜔1)?̃?(𝜔1). (Equation 18 ) 
 
Assuming that no electric field is applied, by inserting Equation 18 to Equation 17 one gets 
 
(𝜔𝑃
2 − 𝜔2 + 𝑖Γ𝑃𝜔)?̃? = 
−𝜉𝑃∫ 𝑑𝜔1∫ 𝑑𝜔2?̃?(𝜔 − 𝜔1)?̃?(𝜔1 − 𝜔2)?̃?(𝜔2) 
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⏟                                            
Electrostriction+Magnetostriction
. 
(Equation 19 ) 
 
In Equation 19, the last three terms are respectively the direct magnetoelectric coupling, the 
electrostriction, and magnetostriction combined with electrostriction. 
Now one can derive Equation 19 with respect to a magnetic field of frequency 𝜔0, 𝐻(𝜔0) 
and then with respect to a second magnetic field of frequency 𝜔0
′ , 𝐻(𝜔0








−𝜉𝑃∫ 𝑑𝜔1∫ 𝑑𝜔2 [
𝜕?̃?(𝜔 − 𝜔1)
𝜕𝐻(𝜔0)









−𝜉𝑃𝑀∫ 𝑑𝜔1∫ 𝑑𝜔2 [
𝜕?̃?(𝜔 − 𝜔1)
𝜕𝐻(𝜔0)















































+ ?̃?(𝜔 − 𝜔1)?̃?(𝜔1 − 𝜔2)
𝜕?̃?(𝜔2)
𝜕𝐻(𝜔0)
]. (Equation 20 ) 
 
 
And then the second derivative yields 
 
(𝜔𝑃


































































































































































































































































]. (Equation 21 ) 
 
Now each term of Equation 21 can be calculated under the following small field limit conditions 
 
𝛽(𝜔0







, (Equation 22 ) 
 
𝛼(𝜔0)𝛿(𝜔 − 𝜔0) =
𝜕?̃?(𝜔)
𝜕𝐻(𝜔0)
, (Equation 23 ) 
 
𝜒𝑀(𝜔0)𝛿(𝜔 − 𝜔0) =
𝜕?̃?(𝜔)
𝜕𝐻(𝜔0)
, (Equation 24 ) 
 
𝜒(2)(𝜔0







, (Equation 25 ) 
 
with 𝛽(𝜔0
′  , 𝜔0) being the quadratic magnetoelectric constant, 𝛼(𝜔0) being the linear 
magnetoelectric constant, 𝜒𝑀(𝜔0) being the magnetic susceptibility and 𝜒
(2)(𝜔0
′ , 𝜔0) being the 












= ∫ 𝑑𝜔1∫ 𝑑𝜔2𝛼(𝜔0)𝛿(𝜔 − 𝜔1 − 𝜔0)𝛼(𝜔0
′ )𝛿(𝜔1 − 𝜔2 − 𝜔0
′ )?̃?(𝜔2) 
= ∫ 𝑑𝜔2𝛼(𝜔0)𝛼(𝜔0




′ )?̃?(𝜔 − 𝜔0 − 𝜔0







?̃?(𝜔1 − 𝜔2)?̃?(𝜔2) 
= ∫ 𝑑𝜔1∫ 𝑑𝜔22𝛽(𝜔0
′ , 𝜔0)𝛿(𝜔 − 𝜔1 − 𝜔0 − 𝜔0
′ )?̃?(𝜔1 − 𝜔2)?̃?(𝜔2) 
= 2𝛽(𝜔0
′ , 𝜔0)∫ 𝑑𝜔2?̃?(𝜔 − 𝜔0 − 𝜔0










= ∫ 𝑑𝜔1∫ 𝑑𝜔2𝛼(𝜔0) 𝛿(𝜔 − 𝜔1 − 𝜔0)𝜒𝑀(𝜔0
′ )𝛿(𝜔1 − 𝜔2 − 𝜔0
′ )?̃?(𝜔2) 
= 𝛼(𝜔0)𝜒𝑀(𝜔0
′ )?̃?(𝜔 − 𝜔0 − 𝜔0
′ ), (Equation 28 ) 
 
 







= ∫ 𝑑𝜔1∫ 𝑑𝜔2?̃?(𝜔 − 𝜔1)𝜒𝑀(𝜔0)𝛿(𝜔1 − 𝜔2 − 𝜔0)𝜒𝑀(𝜔0
′ )𝛿(𝜔2 − 𝜔0
′ ) 
= ?̃?(𝜔 − 𝜔0 − 𝜔0
′ )𝜒𝑀(𝜔0)𝜒𝑀(𝜔0










= ∫ 𝑑𝜔1∫ 𝑑𝜔2?̃?(𝜔 − 𝜔1)?̃?(𝜔1 − 𝜔2)2𝜒
(2)(𝜔0
′ , 𝜔0)𝛿(𝜔2 − 𝜔0 − 𝜔0
′ ) 
= 2𝜒(2)(𝜔0
′ , 𝜔0)∫ 𝑑𝜔1?̃?(𝜔 − 𝜔1)?̃?(𝜔1 − 𝜔0 − 𝜔0
′ ), 







?̃?(𝜔1 − 𝜔2)?̃?(𝜔2) 
= ∫ 𝑑𝜔1∫ 𝑑𝜔22𝛽(𝜔0
′ , 𝜔0)𝛿(𝜔 − 𝜔1 − 𝜔0 − 𝜔0
′ )?̃?(𝜔1 −𝜔2)?̃?(𝜔2) 
= 2𝛽(𝜔0
′ , 𝜔0)∫ 𝑑𝜔2?̃?(𝜔 − 𝜔0 − 𝜔0













= ∫ 𝑑𝜔1∫ 𝑑𝜔2
𝛼(𝜔0)𝛿(𝜔 − 𝜔1 − 𝜔0)𝛼(𝜔0







′ )?̃?(𝜔2)𝛿(𝜔 − 𝜔0 −𝜔0
′ − 𝜔2)




′ )?̃?(𝜔 − 𝜔0 − 𝜔0
′ )
𝜔𝜂2 − (𝜔 − 𝜔0)2 + 𝑖Γ𝜂(𝜔 − 𝜔0)
, 


















′ )?̃?(𝜔2)𝛿(𝜔 − 𝜔0 −𝜔0
′ − 𝜔2)




′ )?̃?(𝜔 − 𝜔0 − 𝜔0
′ )
𝜔𝜂2 − (𝜔 − 𝜔0)2 + 𝑖Γ𝜂(𝜔 − 𝜔0)
, 














= ∫ 𝑑𝜔1∫ 𝑑𝜔2
?̃?(𝜔 − 𝜔1)𝛼(𝜔0)𝛿(𝜔1 −𝜔2 − 𝜔0)𝛼(𝜔0














′ )?̃?(𝜔 − 𝜔0 −𝜔0
′ )
𝜔𝜂2 − (𝜔0 + 𝜔0
′ )2 + 𝑖Γ𝜂(𝜔0 + 𝜔0
′ )
, 










?̃?(𝜔1 − 𝜔2)?̃?(𝜔2) 
= ∫ 𝑑𝜔1∫ 𝑑𝜔2
2𝛽(𝜔0, 𝜔0








𝜔𝜂2 − (𝜔 − 𝜔0 − 𝜔0
′ )2 + 𝑖Γ𝜂(𝜔 − 𝜔0 − 𝜔0
′ )
 
∫ 𝑑𝜔2?̃?(𝜔 − 𝜔0 − 𝜔0














= ∫ 𝑑𝜔1∫ 𝑑𝜔2
2𝛽(𝜔0, 𝜔0
′ )𝛿(𝜔1 − 𝜔2 − 𝜔0 − 𝜔0











































= ∫ 𝑑𝜔1∫ 𝑑𝜔2
𝛼(𝜔0)𝛿(𝜔 − 𝜔1 − 𝜔0)𝜒𝑀(𝜔0







′ )?̃?(𝜔2)𝛿(𝜔 − 𝜔0 − 𝜔0
′ − 𝜔2)




′ )?̃?(𝜔 − 𝜔0 − 𝜔0
′ )
𝜔𝜂2 − (𝜔 − 𝜔0)2 + 𝑖Γ𝜂(𝜔 − 𝜔0)
, 
















′ )?̃?(𝜔 − 𝜔0 − 𝜔0
′ )
𝜔𝜂2 − (𝜔 − 𝜔0)2 + 𝑖Γ𝜂(𝜔 − 𝜔0)
 
















= ∫ 𝑑𝜔1∫ 𝑑𝜔2
?̃?(𝜔 − 𝜔1)𝜒𝑀(𝜔0)𝛿(𝜔1 − 𝜔2 − 𝜔0)𝜒𝑀(𝜔0






?̃?(𝜔 − 𝜔0 − 𝜔0
′ )𝜒𝑀(𝜔0)𝜒𝑀(𝜔0
′ )
𝜔𝜂2 − (𝜔0 + 𝜔0
′ )2 + 𝑖Γ𝜂(𝜔0 + 𝜔0
′ )
, 










?̃?(𝜔1 − 𝜔2)?̃?(𝜔2) 
= ∫ 𝑑𝜔1∫ 𝑑𝜔2
2𝛽(𝜔0, 𝜔0








𝜔𝜂2 − (𝜔 − 𝜔0 − 𝜔0
′ )2 + 𝑖Γ𝜂(𝜔 − 𝜔0 − 𝜔0
′ )
, 























′ , 𝜔0)∫ 𝑑𝜔1

















= ∫ 𝑑𝜔1∫ 𝑑𝜔2
?̃?(𝜔 − 𝜔1)?̃?(𝜔1 − 𝜔2)2𝜒𝑀
(2)
(𝜔0









′ , 𝜔0)∫ 𝑑𝜔1





(Equation 43 ) 
 
As a result, from Equation 21 one gets the following equation satisfied by 𝛽, and further 
requiring that 𝜔0
′ + 𝜔0 = 𝜔 (recalling also that 𝑃, 𝑀 are real quantities, which therefore implies 
that ?̃?(−𝜔) = ?̃?⋆(𝜔)): 
 
(𝜔𝑃
2 − (𝜔0 + 𝜔0
′ )2 + 𝑖Γ𝑃(𝜔0 + 𝜔0
′ ))2𝛽(𝜔0
′ , 𝜔0) = 
−2𝜉𝑃 [3𝛼(𝜔0
′ )𝛼(𝜔0)?̃?(0) + 3𝛽(𝜔0
′ , 𝜔0)∫ 𝑑𝜔2|?̃?(𝜔2)|] 
−2𝜉𝑃𝑀[(𝛼(𝜔0)𝜒𝑀(𝜔0









′ , 𝜔0)∫ 𝑑𝜔1?̃?(𝜔 − 𝜔1)?̃?

































































(Equation 44 ) 
 
 























(Equation 45 ) 
 
𝛽(𝜔0










2 − 𝜔2 + 𝑖Γ𝑃𝜔
× [−3𝜉𝑃𝛼(𝜔0
′ )𝛼(𝜔0)?̃?(0) −𝜉𝑃𝑀 ((𝛼(𝜔0)𝜒𝑀(𝜔0







′ , 𝜔0)∫ 𝑑𝜔1?̃?(𝜔 − 𝜔1)?̃?





















































(Equation 46 ) 
 
 
Now, in order to simplify a the picture, the term proportional or quadratic in the linear ME 
coefficient 𝛼 (which will demonstrate to be negligible for large magnetic fields in BFO according 
to Appendix H) and the second order magnetic susceptibility 𝜒(2) are neglected. This allows to 
clearly see the physics and resonances. As a matter of fact, under those simplifications, the latest 
equation for 𝛽 can be rewritten as: 
 
𝛽(𝜔0













2 −𝜔2 + 𝑖Γ𝑃𝜔)(𝜔𝜂2 − (𝜔0
′ + 𝜔0)2 + 𝑖Γ𝜂(𝜔0
′ + 𝜔0))
. 
(Equation 47 ) 
 
Now, in the specific case where we applied both a 𝑑𝑐 (hence 0 frequency) and an 𝑎𝑐 field 
(with frequency 𝜔), 𝛽 has two components. 
First of all,  
 
𝛽(0, 𝜔) = −𝜉𝑃𝑀
𝜒𝑀(0)𝜒𝑀(𝜔)?̃?(0)
?̃?𝑃







2 − 𝜔2 + 𝑖Γ𝑃𝜔)(𝜔𝜂2 − 𝜔2 + 𝑖Γ𝜂𝜔)
 




is the quadratic ME coupling that couples the 𝑑𝑐 and the 𝑎𝑐 fields to produce a frequency at 𝜔 
(i.e., is an effective linear ME term). One observes from the equation above that resonances can 
occur:   
1.  If 𝜒𝑀(𝜔) itself has a resonance (which is not observed in the clamped case in the 
numerical MD simulations of 𝛽(0, 𝜔)).  
    2.  If the 𝑎𝑐 field frequency matches the modified phonon frequency, i.e. 𝜔 = ?̃?𝑃.  
    3.  If the strain resonance is achieved, i.e. 𝜔 = 𝜔𝜂, which should only be observed in  
the unclamped case, as confirmed in Figure 2a in the main text.  
Secondly, there is another component of 𝛽 which couples the 𝑎𝑐 field with itself and 














2 − 4𝜔2 + 𝑖Γ𝑃2𝜔)(𝜔𝜂2 − 4𝜔2 + 𝑖Γ𝜂2𝜔)
. 
(Equation 49 ) 
 
There are again three possible resonances:   
1.  If 𝜒𝑀(𝜔) has a resonance, 𝛽(0, 𝜔) and 𝛽(𝜔, 𝜔) should have a resonance at the same 
frequency of the applied 𝑎𝑐 field, i.e. 𝜔 ≈ 𝜔𝑚𝑎𝑔𝑛𝑜𝑛.  
2.  The resonance frequency in 𝛽(𝜔,𝜔) due to optical phonons happens at half the 
phonon frequency (for 𝜔 = ?̃?𝑃/2), contrary to 𝛽(0, 𝜔), for which it happens at ?̃?𝑃.  
3.  There is also a strain resonance in 𝛽(𝜔,𝜔). Just like the phonon case above, it should 
happen at half the strain proper frequency, i.e. for 𝜔 = ?̃?𝜂/2; on the other hand, that 
resonance occurs in 𝛽(0, 𝜔) when the frequency of the applied field is 𝜔 = 𝜔𝜂.  
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Linear ME Constant 
An expression for the linear magnetoelectric coefficient, 𝛼(𝜔) can be derived as well. 
Taking the small field limit of Equation 20, gives 
 
(𝜔𝑃







+2𝜒𝑀(𝜔)∫ 𝑑𝜔1?̃?(𝜔 − 𝜔1)?̃?





























(Equation 50 ) 
 
By introducing ?̃?𝑃 (as done in the previous part), the following expression for the dynamical 
linear magnetoelectric constant is obtained 
 
𝛼(𝜔) = 
−2𝜉𝑃𝑀𝜒𝑀(𝜔) ∫ 𝑑𝜔1?̃?(𝜔 − 𝜔1)?̃?







2 − 𝜔2 + 𝑖Γ𝑃𝜔
𝜒𝑀(𝜔) 




In a limiting case, for which, prior to excitation, the spectra of polarization and 
magnetization reduce to a spontaneous polarization 𝑃0 and magnetization 𝑀0 (in other words, 











2 − 𝜔2 + 𝑖Γ𝑃𝜔)(?̃?𝜂2 − 𝜔2 + 𝑖Γ𝜂𝜔)
. 
(Equation 52 ) 
 
It can be observed that the first term is an electromagnon-like resonance term, as it depends only 
on the direct coupling of polarization and magnetization and can exhibit resonances at the magnon 
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